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PREFACE. 


In the preface to Gordan’s Lectures on the Invariant Theory,* Dr. Ker- 
schensteiner speaks of three books as containing the substance of the modern 
Invariant Theory—the books of Salmon, Clebsch, and Faa de Bruno. Adding 
to these Gordan’s Lectures and Burnside and Panton’s Theory of Equations, 
we include the principal works which give a general presentation of the In- 
variant Theory of the present time. In these five books, the prominence given 
to the expression of Covariants and Invariants in terms of the roots is various. 
Faa de Bruno’s treatment of the root expressions is the most extensive ; he 
gives tables of the Invariants (uot Covariants) of the lower binary quantics 
through the Sextic (omitting / and / of the Sextic), expressed as functions 
of root differences. There is no suggestion of any system for calculating the 
root expressions of these tables, aside from the use of coefticients expressed as 
symmetric functions of the roots. 

Burnside and Panton approach the subject of Covariants and Invariants 
through the expressions of symmetric functions of root differences, and make 
use of symmetric functions of the roots to establish connections between the 
root and coefficient forms. 

Scattered through Salmon’s book on Modern Higher Algebra are many of 
the simpler Covariant and Invariant root expressions. The methods presented 
by Salmon for the calculation of root forms are based upon symmetric fune- 
tions of the roots, symmetric functions of root differences, and upon the use 
of any convenient geometric relation obtained through the coetlicient forms, 
and also upon the use of transformed equations. There is in this book, no 
recognition of symbolic root forms nor of the possibility of the application of 
Cayley’s symbolic operators to the calculation of root expressions for Covariants 
and Invariants. 

soth Clebsch and Gordan touch upon a theory of symbolic root forms, 
the theory to be presented in this paper. Clebsch appears not to have recog- 
nized, or if he recognized has not made clear, the directness and simplicity of 
the connection which exists between root and coefficient symbolic expressions 
for Covariants and Invariants. Gordan fully recognizes the relation between 
the two forms of symbolic expression ; and the work which follows in this 
paper, though developed independently of Gordan’s work in this line, is in 
reality an application of the underlying principle of the Gordan symbolism. 


* Gordan’s Vorlesungen iiber Invariantentheorie—Kerschensteiner, Leipzig, 1885. 
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As far as I have been able to ascertain there has been in English writings 
no recognition of symbolic methods applied to the expression of Covariants 
and Invariants in terms of the roots, excepting (possibly) the following sentence 
by Sylvester :* “ Gordan’s and Jordan’s results concerning symbolic determi- 
nants are correlative and coextensive with theorems concerning root differences, 
so that the method of differentiants when fully developed would lead to the 


substitution of actual differences or determinants for symbolic determinants in 


the Gordan theory.” 

A realization of the substantial identity of the form of a Covariant root 
symbol with the form of its expression in the root differences, and of the 
directness of the interpretation of one form from the other, brings into clearer 
light the practical value of German Symbolism in Modern Algebra. 

The following pages present the results of a study of root forms and of an 
attempt to systematize the calculation and comparison of Covariants and In- 
variants in terms of the roots. The subject is presented according to the 
following arrangement : 

Part [.—General Theory. 

lL. Theory of Covariants and Invariants of binary quantics in terms 

of the roots. 

2. Comparison of Root and Coefficient Symbols. 

3. Tables of Covariants and Invariants of the lower quanties including 
the sextic, and of pairs of the first five quantics (including linear 
quantics). 

4. Particular classes of Forms and Operators. 

Part [1.—Some Geometrical interpretations and applications. 

1. Geometry of Binary Forms. 

2. Particular Covariants and Invariants with geometrical interpre- 

tations. 

3. Binary root forms in their relations to certain ternary forms. 


* American Journal of Mathematics, Vol. IT (1879), p. 329. 













































PART T.—GENERAL THEORY. 


CuHaprer IL. 
ia . , . ‘ , vom 7 — sabes » ‘Tin . " » f 
THEORY OF COVARIANTS AND INVARIANTS IN TERMS OF THE Roors. 


1. Covariant and invariant defined. A covariant of a binary quantic 
may be defined as a function of both the roots and variables which is altered 
only by a constant factor when the quantic is linearly transformed. It will be 
shown in the next article that this property is possessed by a function that is 
the product of three factors: (1) of a S\ mmetric function of the differences of 
the roots and differences between the variable /y and any roots into which 
each root enters the same number of times ; (2) of the coefficient of the highest 
power of in the quantic raised to a power equal to the number of times any 
one root appears in (1); (3) of v", w being the number of times “7/7 appears 
in (1).* . 

An invariant of a binary quantic is a function of the roots, but not of the 
variables, which is altered only by a constant factor when the quantic is linearly 
transformed. An invariant function is the product of two factors, one of which 
is a symmetric function of the differences of the roots, in which each root ap- 
pears the same number of times, and the other the coefficient of the highest 
power of ” in the quantic, raised to a power equal to the number of times any 
one root appears in the symmetric function. An invariant is a particular case 
of a covariant in which w — 0. 

2. korm of the gene ral covariant. Let the binary quantic 


(Mt + ay) GE > RY) (Te + TY) +> (1) 
be represented by 
OM ss (2) 
in which 
a 2 + AY , | 
3 Bye + Ys | (3) 


Equating quantic (1) to zero, it may be written 


P , @ 1 lie 
| 2 S ‘s 0, (4) 
/ A J A) LY V1 
the roots of this equation in ./y being 
a, __ th ie (5 
’ — we ee @ io) 
a 41 ‘1 


*Salmon’s Modern Higher Algebra, pp. 124-5. Burnside and Panton’s Theory of Equations, 
Third Edition, pp. 367, 374. 
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Again let 9 be a function composed of the three factors described in Art. 1, 
such that 


4 (A 47) oe )ey™ 


y (fe a )%[7, fol %s [vy fy) fn-t.n fa , a,)% (xr vs | en (6) 
eS 7 ee i-+ ; + ‘ 
(171 4) (hh A L*1 {4 | LY Ay UY “1 ) 





the symbol ¢,, or ¢,. denoting the exponent of the factor in which both the 7th 
and sth of the letters a, 4,7... occur, and e¢, being the exponent of the linear 
factor that involves the 7th letter. 

Equation (6) may also be put in the form 


ONG. F,)**( By 72— BaF )°29 «0» (Py Yg— to (yer + ogy)... (etry) nr, (8) 
which will be briefly written 


GO Ba) (fy)e3... (pev)*n—1.n an, (9) 


wherein 
(43)  (@,/%, — Gy3,), ..-, @ aue+ay,..., (10) 


and in which it will be noticed the letters a, 3,7,...each enter the same 
number of times. 

To show that 4 conforms to the definition in Art. 1, let « and y be trans- 
formed by the general linear substitution* 


¥ == hy — pk, L= Ky + pear , (11) 


then the root quantities @,, 4, ;4,, 4... are transformed by the substitutions 


a For i“ , 
1, = 40, t [ay ; Ay ae 4 A) — pL Oy ’ 


> 

| 

SS 12 

ea — 4,3, + [425 (32 — 43, Lie, ( | | 
sj 


* The arrangement in (11) is adopted to secure symmetry in (12). 
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which are obtained from (11) by changing « into — a,, and y¥ into 


4, jj. +- In accordance with (5), 


3, a yh, = (Au! - Kt) (4,4, Ay4\) , 
At. — ei = AL AIO GHT2 (271) 5 
> (13) 
Ar + dy = (hu — Km) (aya + yy), 
ja + joy = (Au — Xm) (ta + jy), 
e % —_ a 





and (8) transforms into 


t) (An — Kay? nw+in) 
‘ ‘ / 


x + (4/3, — Uaj4,)°* (Ai72 — (271) "$0 (ayn 1 AY ie (3,2 So eee. (14) 


which may also be written in the original form, as in (6),* 


VT 4’ ap\h(Rw+m) (7, 4+ w >,/ 
OA (4 — Ky)? (@,j3,7,---%,)"Y 


4 — (Au! x J’ 1)sratm) H. 


Hence 4 and 4 differ only by a constant factor which is a power of the modu- 
lus of transformation, and 4 is a covariant. 

Of the two forms for 4 given in (6) and (8) the latter (or rather its abbre- 
viation in (9) ) will be chiefly used. E. g. the // and / covariants of a cubic 
are 

Ps (4,3)°3" : a (4,3) (477) jr 4 


3. Form of the general invariant. The function @ is an invariant when 


‘ [£8 a,)e (7, 4, | ©23 y, tt, | "n—iyn 
= w V' | /2 2 a. Ss] 2. ;2 
7 (Mri)? = [i — | &. g|oceel, ed : (1) 
(71 “| 41 i i M1 


* The part played by the factors (4, ,7, 7, ...)® y” in the original form is now evident, as with- 
out them 6 would not differ from 6 merely by a power of the modulus. These factors become a, 


in covariants for the quantic form @, (2 — 4) (#4 — 3) (@—7)... 
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and 


Cin T on T 3n T +++ T &n in.) 


As stated in Art. 1, @ is a covariant in which # equals zero. Equation 
(1) will be written in the symbolic form 


DP XS (a8) (477) 20. (m)in-an (3) 


where (4,3) (4,4, — Gy3,),.... 

Examples of invariants in the form (3) are (43)? (a7) (37)? which is 7) of 
the cubic, and 2 (4,3) (70)? (a7) (30) which is 7’ of the quartic. 

4. Onder, we ight 


of a covariant or invariant is the number of times any one root appears in any 


and di VCC oF COVUPIANES and invariants.* The order 


, 


» 


term of its root expressiont—it is the w of Arts. 2,3; its degree is the number 
of times 2 appears in any term and is equal to the w of Art. 2. 

The weight of a covariant or invariant is the number of determinant fac- 
tors in its symmetric function, and is the sum of all exponents with a double 
subseript in (9), Art. 2, or (3), Art. 3. 


Let » degree of a quantic, 
m <dlegree of a covariant of the quantie, 
a) order of a covariant, 
zx weight of a covariant. 


Now, equations (7), Art. 2, form a set of » equations in which each term ¢,, 
oceurs twice; and in which, therefore, the sum of the terms with double sub- 
scripts is 2%; while the sum of the terms ¢,, ¢,,..., ¢,, each of which occurs 


’ 


but once, is #. Adding, this set of ~ equations gives 
2x +- 1m = no, (1) 
Vit a) 2x ; (2) 
which is true for any covariant.t An invariant is a covariant in which m = 0; 


therefore, in any invariant 
nw = 2x; (3) 


hence the product #@ must be an even number. 





* Salmon’s usage of these terms is followed. 
+ The terms of the root expression are understood to be the terms in the symmetric root fune- 
tion; thus (4,3)'770° is one term in + (4,3)’770", and (ay)’,7°0" is another term. 


tSee Burnside and Panton, Theory of Equations, p. 370. Salmon, M. H. Algebra, p. 130. 
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5. Leduction formule, From the three equations 
7 arv+ay, p=pArt+ say, y=rnet+ ry, (1) 


there arises the determinant 


or 
a(j37) + 3(ya) +- 7 (at) = 9; (3) 


and from the four equations 


- - s ‘ ‘ 
= Aa BY, 43 = ;3,2 i) ne +72, O AL + OY, (4) 


is obtained 
(a0) (47) 4+ G40) (7a) + (70) (4,9) = 0. (5) 


By means of formulas (3) and (5), and others derived from them, the gen- 
eral symbolic forms %, 4, can be expressed in terms of irreducible* covariants 
and invariants. These reductions are similar to those of Clebseh and Gordan.t+ 

E. g. to reduce 2 (4,3) (7a) 77. From formula (3) 


2 (43) (ya) 37 = & (47) (F(a)? i” (4,3), (6) 
22° (4,3) (7a) = Ve GY — Fa? — 7 (a3)) (7) 
22° (4,3) (7a) 37 - (asf 7’, (8) 


i.e. 3 (4,3) (ya) 7 is a multiple of Y(4,3)° 7°. 
Similarly 3 (,47)? (4,3) (74) #47 is a multiple of Y (,47)* (4,3)? 47°. 
( d d | d (ad ) k - 5 
/ ' 
. - | cc’, in which 
4 da | dy dy dr : \ 7? 


the differential operators in parentheses act upon ¢, and the others upon ¢, 
] | t's ¢ 


6. Transvection, The operation 


will be represented by ‘¢¢'}*; it is called “the Ath transvectant of ¢ over 4.” 
Let 
g & At + ayy , (1) 
4 3 = Ar of ’ (2) 
then 
la d3 la ds P bis : 
ford = : “a ry ae et yt, — Oy, = (4,3), (3) 


rts dx’ dy dy daz 





*Salmon, M. H. Algebra, p. 175. 
+See Clebsch and Gordan ; also Salmon, p. 318. 

















a* 1a — 
Bhar a 
a 


a . 


: =. 


~<a eam oss 


os —- 


ee 


rd 


=e. Gee. £42 Sob epee ee mses 


eee 


FO TN. 8 


— 















———— ee eee 


ee 


a 


a —_ =e 


= 








104 MACKINNON. CONCOMITANT BINARY FORMS IN TERMS OF THE ROOTS. 


and the determinant symbol (43) may be considered the Ist transvectant of a 
over 3. All invariants are made up of the transvectants (4,3), (,37), ete. (Art. 2); 
and all covariants are made up of these transvectants and the linear quantic 


factors. For convenience 4, 3, 7,... will be called quantic factors, and (4,3), 
(37), ... invariant factors ; while the name transvectant will be reserved for 
the general operation [¢¢'}*. 

7. The first transvectant. Any two covariants of a quantic, expressed as 


rational, integral functions of quantic and invariant factors, are of forms like 

yg=—A,sre...+ Aare... Pek eee (1) 

¢= Bepr...+ Bass... + Base... +...;3 (2) 

wherein A, the invariant factors of the 7th term of ¢, 

/,. the invariant factors of the 7th term of ¢. 
For these two forms the first transvectant is 


§ /¢ dis d¢ df) 


{ /,? ? 
{og} = 3 . ; 
ve dar dy dy du 
A,B, {(fa)ye...afsy...+ (aye... dpe... +...} 
+ A,B, {(fa) yo... Pr... + (fr) 7d... aFe...+...$ +... (3) 


(de df de dp? (de dt dg dh) 


dade dh das + 5 a5 a ~ dy as (4) 


a (4,3) 
In the result (3) of this transvection, each term contains a new invariant 
factor and the invariant factors of one term of ¢ and one term of ¢¢; and in 
each term any letter appears the same number of times that it appeared in a 
term of ¢ and a term of ¢ taken together ; and therefore the form (3) is a 
covariant. The letters a, 3,7... have changed their places by pairs from 
quantic to invariant factors,* one pair in each term, and one member of each 
pair from ¢ and the other from ¢. 
8. The rth transrectant. Let ¢ be any covariant. Then 





de d . = 7 ) 
as +. | +.../1@¢ 
da l Ay da ! (4 d3 1 3 
d7¢ ( d , d ) 
dae ‘ da + i dt a vs > (1) 
We f @ , @ | gagpenes 
dz ‘ da Ti d3 se } vs 


* Gordan calls this change of letter by pairs from quantic to invariant factors, the Faltung 
Process. See Gordan’s Vorlesungen iiber Invariantentheorie, p. 10. 
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de ( , d 3 d | 
. | & t 9 “i ot ae p 
dy [ "da 7 d3 -* 
d’¢ | “ d 43 d 2 : 
if ae a (2) 
d'¢ — a d 4 d — 
dy’ ot [ "da Ti d3 eis ,? J 
d't8¢ d _ ad - d _ ad hal 
a | @ a eee ee fe mee nk | Os 3 
dyd2 |%dat "q3° da! a3 y ) 





a 


Let & d e d | . d (ad 


1 |; then, if ¢ and ¢ are any 
dx ? “ | dx a dy ‘ - | dy . . . . 


two covariants of an ic, 


ee ae Se Poe ee de 2 = 5 os ~~ S\4 
Legh? = (Fig — FM) Oh = (FV Ga 2S Sahn HF GV) YS 
( a 2 d 2 
— a ~~ i @. he ~ 
| lida . “da $ 
@ d d ) ff ad ) é , ts 
~/_ a T ~~ i ey i eae |¢. “ = eee | he T *. ¢ 
| ‘da | ~da ; ‘da | | “da } 
\ j \ 
r @ 2 of @ )2 
| os 
= th, sowed Oe se ¢’ 
t | “da ‘ | ‘da . 
( 


— (agy$ 4 {4 )- djd q 
wen ida dd d3| da 


(ray? df{d)\ 7 d{d))? ah 
+ (74) Udy da) da dy! j gs 
d{(d) d { d | » ¢ d{d) d (di) ? it 


| D9(a9\(+e { Be 7 
2 (4,3) G ) da | dp! dt da) ) dy (da, da dy = 


a 


Similarly, for the rth transvectant 


— (dla) d{d\) 
fei" — ‘ — a 
igs ) | “ d du (ds dit (da) ) 





+ (7a) 


( d{d)\ df{d)\) | 3 
7 | > +. je Ve (2) 
( dy da J da a 5 ” 
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From (4) and (5) it appears, that in the 7th transvectant of ¢ over ¢', the 
letters «4, 3,7, ... have changed their places by pairs from quantic to invariant 
factors, 7 pairs at a time, one member of each pair from ¢ and the other from 
f°; and that each letter appears the same number of times in any term. The 
rth transvectant of ¢ over ¢f Is a covariant or Invariant ; its weight is z+ % + 7, 


its degree is #7 wm’ —2r, and its order is w + w', where the primed letters 


-refer to ru and the unprimed to ¢. (See Art. 4.) 


Q. Covariauts and invariants as transvectants. Sinee all eovariants and 
invariants are combinations of quantic factors, and of the invariant factors which 
are derived by transvection from quantic factors, it is evident that all invariants 
and covariants are the result of the transvection of some covariant over some 
other covariant or the same covariant.* If f represent any binary quantic 
uty ..., every possible covariant and invariant of f will be included among 
all the possible transvectants of 7 over 7, and all the possible transvectants of 
these 77 transvectants, ete. 

To illustrate the connection between the possible transvectants and the 
covariants and invariants of a quantic, we give the following table of possible 
transvectants of the cubic.t 


efi =F, Lf Pa=mfi, ef" }* <8, 
iat") = @, ‘HH’? =m Dp, 


{£11} = ml ‘£11? — 0 


b ) ’ 


‘JJ’ =90, SS? — ml Dd, {J J’ —0, 
TTS: - m,D, Ff, {‘JiJ\?—0 


Spd = m,tl*, $f.Ji?*—0 ‘tJ %§=mD, 
in which 
f=af=o-ea@ry, A= 7 =— sail, J= Jw’ = Jaf le) >’, 


and m,, My, Wy, ... ave numerical multipliers. 
In this table and throughout this paper, the names of forms, as // and -/, 
refer to functions of the roots; it is evident that the transvectants give 
numerical multiples of these functions. 
10. Thi connection hetives Mt coe fick nt and root symbols, It has been 
shown by Gordan} that the symbolic coefficient forms may be derived pri- 
emai * See general invariant and covariant as given in Arts. 2 and 3. . ° 
+See Gordan’s Vorlesungen, Vol. II, p. 172. 
} Gordan’s Vorlesungen, Vol. IT, pp. 10, 34, 39. 
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marily from a consideration of root symbols. Thus, letting 


¢ Woe oo uf 
2 shoas 


ys 
¢ aaa,...=h;, 
in Which #,, 7, 04, ... represent 4, 3, 7,... and are made identical after trans- 
vection, and 1, Ys, 4, 6+. = Fs Fy Fy ..., We Obtain by means of Art. 8 
. ’ / cl 

Sod ,— S(0a,) iad (,0,.) ; z 

‘ ils . er ee Speer S 
Substituting ~ for every «, and 4 for every «,, 

edt I we( in Ll)... (m--—& L) win Pere / L) (ah yh ae & he 
, l 
(ath) ln j,"' " phi h F 


wei L)...(m i Ll). a(n Ekicsth /: 1) 


In this view, the coefficient svimbol is a reduced form of the root symbol. 
Any transvectant operator applied to given covariant functions in their root 
forms, produces a certain other covariant or invariant expressed in the roots ; 
and the same covariant or invariant in its coefficient symbol is produced by 
the application of this same transvectant operator upon the given covariants 
in their coefficient svinbols. Symbolic covariants and invariants whether ex- 
pressed in root or coefficient form are thus but developed transvectants. — If 
17)? be applied to a! = 4', the form (74)/ is obtained ; if applied to 
a,5jo |= a*\, the form *(4,3)777e is obtained ; the first result being the coeftti- 
cient symbol for // of the quartic, the second result the root symbol* of the 
same Invariant. 

11. Transre chant 7 lutions AHEONY corariants and dnvdriauts, Since 
the root and coefficient symbols of a covariant or invariant are different 
expressions for the same transvectant, all the transvectant relations which 
Clebsch and Gordant have proved to exist among covariants and invariants 
in their symbolic coefticient forms are equally applicable to the symbolic root 
forms of covariants and invariants. The same relations can, of course, be 
proved independently for root forms, but with greater labor, since the root 
expression, equivalent to a single-termed coefficient symbol may involve many 
terms. 

12. Root syuhols obtained by transvection, Asan example of the opera- 
tion of transvection, and to illustrate the process of obtaining root symbols, we 





* For the quantic (# — «) (.« — ,3) (# — 7) (#4 — 24), this root symbol becomes 2 (a — |,” 
(a — 7)’ (a@ — 9)’. 


+See Clebsch Theorie der biniiren ete., Gordan’s Vorlesungen, 
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give the following derivation of the root forms of the covariants // and -/ of 
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¢ = “5; = (4,0 = 451) (3,7 - 


9 ( d¢ d¢ ; 
d die dy 


24) | 


Me a 


44,4) (774) 
‘ 


4 (4,3) (37) 5 


4 (54) (47) 


ee u,4 = . 


but by formula (5) Art. 5 


* M(a3P 77 is the root symbol for //, which has the coetticient symbol (74) #4. 


(de dH 
(da ds 


Bi (de dT ; 
+ (37) ’ d4 de 


‘gil; : 


Practice in developing transvectants and in applying the general results of 
Art. 8 would make it evident upon inspection that‘ ¢¢{* is some numerical 
multiple of ¥(4,3)*;7, and that }¢//} is such a multiple of 2 (4/3)? (37) 477. 


_)Vv 


») : -- 4-- 
2( 4,5) (7A) (3; 


‘ r /, 
a 


(4,3) 


= 2 (a3) (pa)? PF 


+ 2 (377) § (a3) a7? — (ya)? aF% 


CONCOMITANT FORMS IN TERMS OF THE ROOTS. 


nei d¢ d7¢ 
2 (4,4) Hest, ; 


( Sa At 7 
9 ( d¢ I ¢ 
de d*¢ ) 


Lid dS 


7 d¢ d-¢ ) 4 
dude AES 


d¢ d¢ ) 
dud 4 dy \ 


iF (yay — 77 (a3), 


a) FT + (sry es 


d¢ dil ) 
As 


=: 


(4,3)° (377) a7. 



















(See Art. 8.) (1) 


9 2 ( d¢ d¢ ( d7¢ 13 ) 
<i)" . r s | ? 
( dy dia dyda i J 


=-\; 





da-\> ss2 ») 4\ (+ 4-- 9 - 4 ~ 
(37°) & — 2(4G,3) (7a) 37 — (43) (37) Gj 


2 (yu) (377) 4,4} ; 


henail ¢ de dil ae de dil ) 9 
- (dy da da dy ,) — 


t 2 (ya) } (57)? at — (48)? (37°; 





13. Nun rical 7'¢ lations hetween root and coefficient symbols, In the 


results of a calculation of root forms which are given in Chap. ITI, no attempt 
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is made to express the numerical relations between the root functions and their 
corresponding coefficient functions, or the relations between root functions 
and their transvectants. To obtain such relations between a coefticient form 
and its root expression involves a consideration of the transvectant multiplier 
(Art. 10) and of the combinations that occur in the reductions to the irreduci- 
ble form of the root function. And to establish relations between the root 
expression and the coefficient function itself (not its symbol) involves the de- 
termining of the numerical relation between the Clebsch svmbol and the coefti- 
cient function ; or the determining of relations between the coefficient function 


SS ot wae! eS. a 


and the root expression by means of known coefficient and root relations. The 
following is a simple example of the numerical relation existing between the 





} coefficient function (Salmon’s), the coefficient svmbol, and the root symbol :— 
{ , 
‘ ‘ ve | 
IT (Salmon) = 4 // (Clebseh) 1 id | 
- Sn*(n — LY a 
ia 
= 5 l 5: —Zi(n- L) 3 (af)*7@*.. 1® 
Zn? (n — 1) ; rT 
=—_—- = Pe) ee j 
n(n 1) 49% | 
Cuaprer IT. 
A Comparison OF Roor AND COEFFICIENT SYMBOLS. ] 
i 





14. Lhe covariant coeficient symbol. The covariant and invariant 
coefficient symbols, called by Salmon the symbols of Aronhold* and Clebsch, 
are the expression of transvectants of the quantic «", which is (42 } a7)"; 
and they have been shown to be the reduced forms of root symbols (See 
Art. 10). The coefficient symbol for a covariant is of the form+ 


(ah jfre (aes 3 (heyers we (lm ‘ae “es hs ce 
where Cy, T Cr.1 T Org T Cr.g Tee) TT Cpr TT Cp rai Toe + Cen Miu being the ” 
degree of the quantic to which the covariant belongs, the number of different 
letters denoting the order of the function, the number of linear factors the 
degree, and the number of determinant factors the weight. Thus -/ of the 
quartie is denoted by (ab)? (we) abc’, which is of the degree 6, order 3, and 
weight 3, and in its symbol each letter appears four times. i 

* Aronhold, Crelle’s Journal, Vol. LXiI, 281. 

+See Clebsch, Gordan, Salmon. 

Osgood ‘*On the symbolic notation of Aronhold and Clebsch 
p- 251. 
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American Journal, Vol. 14, 
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15. Orde ge we ‘yht and de gre t in root and coe fic vt synibols, The degree 
and weight in the root symbols are determined as indicated in Art. 4; the 
degree and weight in the coefficient symbols are determined similarly. The 
number of different letters in the root symbol of a covariant equals the number 
of times any one letter appears in its coefficient symbol ; while the number of 
times any one letter appears in the root symbol equals the number of different 


Jetters in the coefficient symbol. Evidently an operator whose effect is to sub- 


stitute for each letter 7,4, ... of the coefficient symbol, one a, one ,3,... will 
change a given covariant or invariant coeflicient symbol into a covariant or 
invariant root svmbol of the same order, weight, and degree as the given coeft- 
cient form. If the given form be known to be an irreducible* form in the 
system of the quantic to which it belongs, and the only irreducible form of the 
viven order and degree, the root form derived by means of such an operator 
will be either equal to the given form, or differ from it by a numerical factor. 

16. An operator which chang N the COC MCL vt syubol of Gh Pred ucihl 
form tuto the root symbol of the NUVI Torm, Such an operator as that men- 
tioned in the preceding article, is suggested by a comparison of the two forms 


of the quantie 7", 


iM — j , é ’ S as r) as \ 
(er OLY) = (A BY) (GU Ar GY) Gre + FaY) - + + + (1) 


a - , « ' ‘ : ; 
Substituting ) for « and ; for yin the right hand member of the identity 
( ty ‘ , . 


(1), there results the operator 


dl / j dl 3 dl d d ) 
| “, - ; 7 + 7, a) 
da, "il. { ml da, ' li, | ft da, ‘2 da. \ 
which will be written 
di(.d a - 
)] > | 7 eo o) 
; du i? du . du vas 


and denoted by the svinbol [/),]. 


The operator (2) acting upon «" or (2 4- @y7)" gives 
wn! (aye + ay) (30 + YH" + TY) +>, 


which we may write in the form 
' owe 
NM. asp... 
In the case of two or more letters in the coefficient symbol, the action of the 


* An /rreducible form is one that cannot be expressed as a rational and integral function of 
other forms. Sucha form has been also called a fundamental form by Salmon, and a ground form 


by Sylvester. 
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operator must be repeated for each letter.* The operator for any number of 
letters, v7, 4, ¢,... may be written in the form 


[D,. Dy. De. 1, (4) 


The operator (4) is to be interpreted as an ordinary differential operator, in 
which each operating factor [ //,| acts either upon the original function or upon 
the result of the action of another operating factor or factors, while only one 
of these factors acts upon the original function. All combinations of the 7 
roots that are possible within the limits of the given order, weight, and degree 
are admitted to the resulting root form. All of the combinations of the ~ roots 
which do not disappear, give terms which are of the same order, weight, and 
degree and which are, therefore, reducible to the same form. In any ease this 
operator completely accomplishes the desired purpose of changing each coefti- 
cient letter into the ~ root ietters, preserving the invariant form in its order, 
weight, and degree ; and if in the form-system of the wie there be but one irre- 
ducible form of the given order, weight, and degree, the result of the operation 
must be the root symbol of the given coefficient form. 

A few examples are given : 

(1) Let /7+ = (aby, 


TA : // — 2 (ah) (ah), | 1), IT = 2 (ah) (th) A p 
sit 
\ 
“ d A = 2 (ah) (4a) [P),] A ‘ 2 (a4) 
Ah “ ‘ 5] b , 
|D)D,\ 1 = 2 (4,3)? 


(4,4) is the root symbol corresponding to (ah)-. 
(2) Let Jj z = (ah) (we) 1,2 


4 [L), \-J = (uh) (th) («7) he? + (ab) | ih) (74) hy? (>) (th) (ca) he Mss 
4 { D,|Ay = (4,3) (44) (ez) ve? + (az) (ta) (ey) 4 + (4,8) (47) (ey) ae? 
(4,3) (74) (3) rc +. (a7) (7a) («,3) je + (aj) (7,3) (4) ae 
+. (7a) (477) (ea) te? + (79) ta) (ea) FO (7,9) G7) (ea) ae? AY, 
| ),|.A, 2.4 3 (a3) (a7) 773 


*See Gordan’s Vorlesungen, p. 41. 
+ Clebsch’s /7. 
t Clebsch’s J. 
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(4,3) (a7) 77,4 is the root symbol corresponding to the coefticient symbol 
(ah \2 (1c) Ay, 

17. Aw pn rator which chang N the root symbol of Ah irreducihl orm 
into the coe iter vt symbol of the SOLE form. The considerations which have 
given rise to an operator upon the coefficient forms, also give rise to an 
operator which changes root symbols into coefficient symbols. In the deriva- 


tion of root symbols from coefficient symbols, the object is to introduce an « 


for one g, an « for one 3, ete. for each root; this object is accomplished by 
the operator 


Jd d\f / d df a } ' 
ud - @ —T (1) 


( 
df ly d - t ly 
du, a5 My ' d 4, 7 dt, , dy, > dy, 


repeated as many times as any root a appears in the root symbol, where « is 
replaced by a different letter 4, ¢,... at each repetition. This operator (1) we 


write in the form 
P d : d . d) “ 
| dua j ! d3 dy | oo AJ 


and denote it by the symbol [#//|. A few applications of the operator are 


given : 
(1) Let 7 = (a3) 77° + (a7) |? + (37) @, 
f dd) d)\)f{. dad) 
“ap ( ( ( | 
[wD | da] |* a i” a // 


= 4 [(ae) (a) pa + (aa) (up) fa + (9) (a7) aa] = Ay, 
[4/)| A, = 12 (ahy ab 
. (ah) ah is the coefficient symbol of the form whose root symbol is + (4,3)? 77. 
(2) Let SN = (at) (7d) + (az)? (40 + (adP (37), 
then [aD | N = 12 (aa) («;3) (7a) (ad) - Mee 
BD) A, = 12 (ad), 
-. (ab) is the coefficient symbol of + (4,3) (70) .* 
This operator is of use only in the determination of the coefficient symbol 
of an irreducible form, which in its order and degree is unlike any other form 


in the form-system of its quantic, for the same reasons that operator (4), Art. 
16, is of use only when applied to forms of this kind. 





* Compare Gordan’s Vorlesungen, p. 41. 
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18. Derivation of root symbols from coe ffict nt synihols, In obtaining 
root symbols from coefficient symbols, a simplification of the process indicated 
in operator (4), Art. 16, is desirable. According to the principle of the forma- 
tion of the operator, we can write as many root terms of given order, weight, 
and degree, as there are possible arrangements among the different roots within 
the imposed conditions. Each of these arrangements gives a term, the summa- 
tion of which is an invariant function of the roots and of the given order, 
weight, and degree ; not including the terms which disappear separately. If 
the given coefficient symbol be an irreducible form and the only irreducible 
form of the given order and degree among the forms belonging to its quantie, 
this coefficient form can differ from any one of the root summations only by 
a numerical factor; i. e. the different possible arrangements of the roots give 
different root symbols for the given invariant form. But all of these root 
symbols can be expressed as multiples of the most compact form—the standard 
form—of the given order, weight, and degree ; for example, 2 (4,3) (a7) 47 and 
»'(4,3);7 are forms derived from («/)? 74, and by the reduction formule (Art. 5) 
2’ (4,3) (ay) 47 ean be reduced to *(4,4)?;77 which is the standard form. 
The operation of changing from a coefficient symbol to a root symbol is 
(essentially) introducing an « for each letter, a ,4 for each letter, and so on for 


the ” roots a 


Ay j 


a form which will either be identically zero or be equal to some multiple of 


3,7,-... If this be done, no matter in what order, it will give 


the standard root form of the given invariant or covariant. The forms which 
vanish can be avoided easily in the process of change. Let us consider 
(wh)! (ac) bet, one of the irreducible forms of the form-system of the quantic. 
Changing one ¢ into a, one « into ,J, ete., there results 

(ah) (th) (>) (ah) (<c) Ae : (1) 
changing the /’s similarly and avoiding terms (72), we get 

(4,3)° (70)? (ec) ect; (2) 

and changing the ¢’s similarly, 

(a,4)° (70) (sa) td" , (3) 
which is a term of a covariant, and of the same order, weight, and degree as 
the given form. Therefore + (4,3)? (70)? (<a) 370e* is some multiple of (@4)' (ae) bet ; 
and, moreover, this summation cannot be reduced to a more compact form. 


The operation here performed is evidently an abbreviation of the action of the 
complete coefficient operator of Art. 16. The use of those combinations which 
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amount of reduction necessary to bring the resulting root symbol to the 
standard form. In the example given, (2) might have been written 


(48) (34) (7/3) (G7) (ee) ec", (4) 
from which arises 
(ud) (44) (73) (07) (2a) Hyde , (5) 


cand therefore *'(a0) (32) (7,4) (07) (<a) ee is some namerical multiple of 


(ab) (ae) he. But (a0) (44) (7,3) (87) ean be replaced by (4,3) (70)? or (a7? (407 
or (“dy (47)? (see Art. 5), and therefore (a4)! (ve) beh is a multiple of ¥ (4,4) (ey 
(eu) 702". 

As another example of this method of obtaining root symbols, consider 
the form (a4)! (ed)! (ae) (47), which is what Salmon ealls the -/ invariant of the 
quintic. Operating upon this form, we obtain 


(ah) (,th) (7h) (ah) (ed)! (Ai7 ) (ez) (6) 
(a,3)" (70) (ed )* (ed) (e2) (7) 
(4,3) (OV (ad) (47) Gal) (2 (02) (S) 
(4,3)' (7A)? (772) (28)? ({)) 
D(a)! GAP (zz (ed P* — me (ab) (edt (In) (et) (10) 


where is any numerical multiplier. 

This method of deriving root symbols cannot be of use in determining the 
root symbol of a form which is not the only irreducible form of its order and 
weight in the form system of its quantic. In such a case, as in all cases, the 
root symbol can be obtained from other root symbols by transvection (see 
Art. 12). In most cases the transvection method is simpler than that of the 
above examples. 

19. Cayley symbols.+ The Cayley symbol indicates an actual operation 
to be performed upon any quantic or quantics, while the Aronhold and Clebsch 
symbol expresses the symbolic result of the operation indicated by the corre- 


sponding Cayley symbol. Thus 12 13 acting upon a quartic is the Cayley 


symbol for (a4) (ac) abc's the Cayley operator being identical in its sym-_ 


*Salmon gives this expression for the J invariant and remarks that the function ¥ (a — ,7)’ 
(7 — 8) 8 —2)' (3 
principles by which the above results are obtained, the form (10), and the function just given, and 
also the function Y(«— ,3) (y — 9) (a—j) (3 — 9) (0 —¢)* (3 — 7)’ (© — a)’ are different 


vy)’ (¢ — a) has been found to have the same value. According to the 





expressions for the same function J (see Salmon, pp. 246, 259). 
+t Cayley, Collected Papers; Crelle, Vol. XXX. Salmon, M. H. A., p. 137. 
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bolie form with the determinant part of the Aronhold and Clebsch symbol. 
If a Cayley symbol for any covariant or invariant act upon any quantic in its 
coefficient form, the coefficient expression of the covariant or invariant is ob- 
tuined ; if the Cayley symbol act upon the quantic expressed as a product of 
linear factors the result will be the covariant or invariant expressed in terms 
of the roots of the quantic. EK. x. 
dd \? 
da ; dy, 
at.@4" 2° (J? >) 

dead ~ ddr? dy? daly, * 
dr, 1), 
the operand being the product of the quanties 7(07,, 4), 00%, %), Whieh are to 
be made identical after the differentiations have been performed. Let 

Tay) aa + Shary + deny? + dy —- a (a — ay) (a — jty)ia — vy). 


The operator (1) acting upon am dhory + ...in the manner stated produces 


(ide },7) ” $ (cdl he) VY { Aid (") yy" 5 


and acting upon 4 (7 ~~ ay) (ee — ty) Ge — zy) produces 
a 2ie ee sae 


20. Systems of quantics. If ¢ be a covariant of any quantie 7, and a 
covariant of a different quantic 7", then jg’) * is a covariant of the system of 
two quantics 7 and 7”. 

E.g. Lete -(hPauh and) — (ah (ae) ahre®; then Sed) 7 is (ah? (ah 
(ae) (aa) (AN) be*, which is a covariant of the system of cubie and quartic. 
Similarly, if ¢ Sat, and f& NS (a FP (a7) F770", then Sed) * produces 
SM (atl (AFP (87) G7 VP FO". 

The typical covariant of the system 7 and 7’, when 7 is of the degree 
and 7” of the degree wm, is (compare Art. 3) 
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_ order and degree. Tf a covariant or invariant of a system of two quantics be 
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Covariant and invariant relations among any number of quantics can be 
similarly expressed. The operators of Arts. 16, 17 may be applied to these 
forms as to the forms of a single quantic, the action of the operator being re- 
peated for each quantic of the system ; and the coefficient symbol of a covari- 
ant or invariant of a system of quantics may be changed into a root symbol by 
the methods of Art. 18, if the given form be an irreducible form unique in its 


represented by a Cayley symbol, the particular quantic to which each figure 
1, 2,... refers, must be indicated ; unless the covariant or invariant of the two 
quantics is of the first order in regard to each quantic, i. e. unless @ —o' — 1. 


Thus (74) (a7) ah is completely represented by 12 13.049 (2° 0", in which 
the indices of 7° denote the degree of the quantic, and (", @° are to be 


made identical ; but if the quantics operated upon be not so defined, the Cay- 





ley symbol of this covariant can not be distinguished from that of (4)? (aa) ah’ 
(see Table IX, Nos. 4, 6). 

Similarly, the two forms (@)° (aa) (40) and (ab) (ae) (ha) & are 1 13 24. 
CPCS TOE and 1213 WOE OY OY Cy. The form (Wa) a may be 


represented by 12 acting upon the linear and cubic, in which it is indifferent to 








which quantic either figure refers ; and (w/a may be represented by 12 acting 
upon a cubie and quadratic. 

Similarly, in the Cayley symbol of a form of a system of 4 quantics, the 
quantics to which each figure refers, must be definitely indicated unless the 
form is of the first order in regard to each of the 4 quanties. 


Cuarrer IIT. 
TABLES OF COVARIANTS AND INVARIANTS. 


21. The Tables at the end of this memoir include the form-system of the 
lower quantics through the sextic, and the form-systems of pairs of the first 
five quantics (including the linear quantic); and afford a complete list of the 
root expressions of the irreducible covariants and invariants of these quanties 
and systems of quantics. The arrangement of the forms is such as to facilitate 
a comparison between root symbols and coefficient symbols, and a comparison 
of the corresponding forms of different form-systems. The relations among 
the different forms of any system are indicated by the transvectants. The root 
symbols have been obtained from the root symbols of the quantics through 
transvection. (See Arts. 12, 8.) The Cayley symbols have been obtained 
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directly from the Aronhold and Clebsch symbols ; while the Aronhold and 
Clebsch symbols are the symbolic coefficient expressions of the transvectants. 
Many of the transvectants are those given by Clebsch; and a number of 
others have been formed from known relations among the forms involved in 
them. The transvectants of Tables V and VI have been obtained from con- 
siderations of the orders and degrees given by Sylvester in his Tables* of 
ground forms. The transvectants of Table X were obtained by an inspection 
of the forms given by Gundeltinger in his Programme? of 1869. 

The names given by Salmon are used in the Tables as far as possible ; 
when the Salmon names have been lacking, those of Clebsch are used. In the 
few cases in which both are given, the first is Salmon’s name, and the second 
that of Clebsch. Forms named neither by Salmon nor Clebsch have been 
named according to some characteristic, or by analogy ; or if a suggestion has 
been wanting, the names (, (,... have been given to the unnamed covariants 
and /,, /.,...% to the unnamed invariants. 

In the Tables of systems of simultaneous quanties, those covariants and 
invariants which belong to each quantic separately are not given, but may be 
found in the Tables of the single quantics. The Cayley symbols of forms be- 
longing to a system of quantics are given only for those forms which are of 
the first order in regard to each quantic. The Cayley symbols of forms of 
higher orders involve a designation of the quantics to be operated upon (see 
Art. 20); it has been thought needless to give these symbols, since the forms 
they represent are completely defined by the simpler Aronhold and Clebsch 
symbols, and since all Cayley symbols can be obtained directly from the Aron- 
hold and Clebsch symbols. 

22. Loot differences. It is desired to emphasize the fact that the sym- 
bolic root expression can be written as a symmetric function of root differences 
(see Art. 2); for this reason the root symbols and root differences are written 
side by side in Table I. When the general quantic 


(ay + Oy) (But + oY) (Tl + 72Y) ++ (1) 


is written in the form 


ay (@ — a) (a — 3) (@—j7)..., (2) 


*Sylvester, American Journal of Math., Vol. IL. 

+ Gundelfinger, ‘*Zux Theorie des simultanen Systems einer cubischen und einer hiquadratischen 
bindren Forms,” Stuttgart, 1869, 

Sylvester has shown that three of the forms given by Gundelfinger are reducible forms ; these 
are Gundelfinger’s forms (uz) (ac) a, (Ti)? (Tw)? T*, and (a7)? (TQ)? GT (see Sylvester, 
Comptes Rendus 87). 

t This is somewhat in accordance with the nomenclature of Fai de Bruno. 
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y of (1) becomes unity, 4, of (1) is replaced by — aa, and 43,7; ... dy a, ; 
and the general covariant (see Art. 2) 

S (a3) (3722 2. (pv )in-ten ahs Fe rn, (3) 
which is 
S(t, 3. — Gof)? (jBi772 — Bois)??? « »  (ftyYy — fs)” 

(ae + ay) (ha + ye... (yr + ny), (4) 

becomes 
" 


M (a — A (4 — 7)... (se — vn (@ — a) (a — fate... (aw — v)'n. (5) 


w 
dy j 


Thus // of the quintic has the root symbol + (4,3)7770"s, which expressed as a 
covariant of the quintic of the form (2), is 
a, (a — py (a — zy (4 — 0)? (x9 — €)*, 
and A’ of the same quintie has the symbol 
V Z\6 (..\6 e\? ( ge)? (+e)? (de 
= (43)" (Fo)! (asy (4EY (FEY (8) 
and may be written 


9 


a Ma : 3)" (7 ay (u <)? (3 — <) (7 es: ¢)* (0 es 


The quantic (7 — 4) (# — 3) (2 — 7)... is a particular form of the quantic (2) 


in which ~, equals unity; and for which the covariant (3) becomes 


Su j3)°2 (j3 — 7)*22 . 2. (ft — v)fn—tm, (a —— a) (ae — [3)%*.. . (# v), 


where each factor (4,7) in the covariant symbol is replaced by (4 — ,7) and each 


linear factor 4, which is a JY, 18s veplaced by (a z). This latter form 
of the quantic, the form (r — a) (r— 4) (e—7)..., is adopted in the tables, 


where the root differences are given, On the other hand the root symbols are 
the symbolic expressions of the root forms of the quantic in its more general 
form. 

Cuarrer TV. 


PARTICULAR CLASSES OF ForMS AND OPERATORS. 


23. Lmanants. Emanants of a binary quantic 7, have been detined® as 
/ 


h 
. . » « , > . : . . + . os 
the functions |.” - y J, these functions being the coefficients of 4 in 


( 
dar Sy 


’ . , . , aa . , ;/- » _ 
E (r At, ¥ AY ) fy (2, y) A47 (vr, ¥) 9 J 7 (v', y) ome a (1) 


1. 
Wherein J a” : {- af iy 


*Salmon’s M. H. Alvebra, p. 115. 
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Emanants satisfy all the conditions of covariants (or invariants) of a sys- 
tem of wie and Ive (Art. 20); but are not properly covariants of the sic, if 
covariants of the wie be defined as in Art. 5. 

In the operator J let ay and — «4, — a’, then the emanant operator 

df 2 oe . 7 

“, + a, is in a form that corresponds with the notation of the pre- 
dy “dar 
> J 
ceding articles. The emanants of the quantic 


(ar + Ay) (ye + BY) (HV! + HY) + 
are as follows: 


Ist emanant = J [(a,a 4+ ay) (ter + jy) et + ey) ~~ (2) 
= 2 (aa, — aa,) (3,0 + ay) 7p" + FY) (3) 
= M(a'a) jy...; (4) 
2demanant = SF [aj7...| (5) 
= S (aa) (a'3)70...; (6) 
dd emanant = JS’ [ajy7...| (7) 
= M(aa) (a'3) (az) 0...; (S) 


and similarly the higher emanants may be found; the /th emanant of the ic 
being made up of terms in each of which are / determinant factors of the 
form (43). The wth emanant of an wie is an invariant, and a quantie In a /a, 
which has the same roots as the original wic (see Tables Vo and V1). 

The emanant of any covariant is similarly obtained and is a covariant of 
the system of the given covariant and linear. ‘Thus, for the 5d emanant of // 
of the wic 

S// Hl Ss (asf FPO... 


V a\2 tan\2 ra. %.2 . 
= — (47) (“4 7) fod) Ft | all 


and for the 2nd emanant of -/ of the wie, 
ye | LPS (a3) (az) 3770? 


S (4,3) (a7) (a7)? po... (See Tables V and VI.) 


An inspection of the Tables given by Sylvester® shows that the emanants 
of the quanties there considered and the emanants of the irreducible covariants 
of those quanties are themselves irreducible forms. Emanants are polars, and 
are treated as such in Art. 51. 


*Sylvester, American Journal of Mathematics, Vol. II. 
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24. Krectunts. Evectants of a binary vic are the functions obtained by 
the action of the operator 


a « m d eins 
En | pty | en *y* 4 (1) 
[ da, da, da, 


upon any invariant of the wic, where the vic is of the general form 


- nin 1) 
x” Nee" J 


~ aitimloe 
y 1.2 Uy ob ves 


. 


and where = and 7 denote variables transformed by the inverse* substitution. 


The /th evectant is the result of / repetitions of the above operator. It is 
known that in any binary quantic 7 and — .r are cogredient* to | and 7. Sub- 


stituting y and — «& for = and 7 in (1) we obtain the evectant operator 
/ / a a ae 
\y" : uty : 1 a2" ae i : ; (2) 
5 da, ‘ da, . du, ? da, 
In the Clebseh symbolism (Art. 14) 
; n! _ 
(aye + ay)" a,c" + naa" 'y +...+-5 : aw” "y aeiea (3) 
r.(ue ?) 
where : 
¢, = a," "a, ; (4) 
and 
df ] fad i*"{ 2d . (5) 
= 5 | zz ~ 
du. (74 — 7)! r! | da, da, . 
Substituting from (5) in (2), we obtain the expression 
/ ) n /] ) n—1 / 
. y" n | ¢ j | ¢ ley + ire 0 
ye (dn | i da, | da, | 
' { / yn—r / 17 
4‘ ( | ( | . . 
1)’ : | ay ait (6) 
( 1a r)! ply da, | 1 At, | J . 
\ Fe i sal 
which is 
d ad)" 7) 
y = | ( 
n! iY da, aa.i ° ( 
\ eat 


an operator which if acting upon the coefticient symbol of any binary inva- 
riant will produce the evectants of that invariant.t Omitting the numerical 
factor, (7) may be written in the form 


# d a d he. d _ dad) , d _ d ) (8 
|" day di, | | 4 d3, ; 3, | Y dy, dj)" T °) 


*Salmon’s M. H. Algebra, pp. 118, 128. 
+ Operator (1) and the corresponding symbolic operator (7) applied to covariants produce 
other covariants. See Salmon, p, 122. 
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in which 


dda (J \n ) 
da, d 4, dy, ii da, | , 
' ddd d n—I df 
Ps stead iD 
[ da, d4, dy, da, dia, » (9) 
| 
\' ddiad wi 1) d n—s d : 
~ da, A 4, dy, _ 2 da, da, ; 
7 


The operator (8) acting upon the root symbol of any invariant, produces the 
root symbols of the evectants of that invariant. 


n 


d piace ; , — - 
r , Which is the operating factor in (7), act upon 7’ of 


Su ee 
Let i] da, ae if da, 
. — ‘ " F y / d ) " 
the quartic, whose coefficient symbol is (ub)? (ac? (ae? ; and let |” repre- 
sa 
sent E da on Ja: : then* 
: ed | T= (uh) (aey (be)? (Ayr 4 hy) ee 7’ (10) 
| - f 2 2 / s\e / , } 2 7 7 
ae 1 (a ) (Mc) ( Aye { VY) mae o ( 
- | z i == (dc) (be) (Aa | hy)? (ee 4 CY) eeu 7’, , (12) 
lid 


gla (he)? (dyn 4 boy)? (eae ey y= (he Phe // of quartic. (13) 
Zid 


Let the operator (8) act upon + (4,3)* (7¢)* (a7) (30), the root symbol of 7’ of 


the quartic ; and let 
d 


d d ) d / 7 


19 —T 7 ~ "se iy 6 ee 5 
da id da, da,\’ a3 | 7 dt, A, | 
then 

1 ad ryy V - Me ae “x - 1 4 , T. 

9! da | [P= 2 (4,3) (0) (ay) (30) (yr + jy) + --- + (14) 
(a) ws eae — ’ : _ . 
Pr | 7, = S170)? (a7) (40) (ayn + aay) (tyr + jy) +... Tae (15) 
d | ryy v M275. ; 97> - . ryy 
| de | 1, = = (70)? (30) (yr + ayy)? Ge +> jay) +++» L's, (16) 
i dy 
Le 3 
| 2 | 7, = LS (70)? (aa + ay)? (3,2 + fey) +... = M2 (70a? = MM. (17) 
i¢ oe} 





* Compare with Gordan’s Vorlesungen, Vol. II, p. 127. 
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The operation upon the root forms is simplified by allowing the operating 
factors to act upon but one term of a summation. The numerical multipliers 
may be disregarded when it is only the symbol itself that is desired (see 
Art. 15). 


If the general quantic be of the form 


a, (x7 a“) (ar (3) (ae =F} eves (18) 


Or s+: a, % U,, {ts 37, ..., and y equals unity; when «,, 
may be regarded as arbitrary constants whose product is 7. Ope- 


a “- 
i7te Sis © * 


rator (8) adapted to the forms of quantic (1S), becomes 


d)\{.@)'.4 
da kt dt di i. 


14,7 ie 
which is 
l d d ) d 
wv AP 1 Pere (19) 
uf du M3 dy 


0 / 


If (19) act upon any invariant of (18), expressed as a function of root 


differences, the eveetants of that Invariant are obtained ; thus (19) acting upon 


ay Sa ay (7 Oy (a i) 0), which is 7’ of the quartic (18), gives 
“ at; Oy (a “) (r py. In the quantic (wv “) (ve 3) (0 ore 
d | d d 


is unity; and the operator corresponding to (19) is jz | 2 >: 
. E | da | d3 | dy 
25. Keectunts of the discriminant. We give the following proposition* 
and the demonstration of particular cases, to furnish examples of evectants 
and to make an interesting use of root expressions. 
When the discriminant of a binary quantic vanishes, the quantic has a 
pair of equal roots, and the first evectant of the discriminant is of the form 
, Fas , ‘ je 
(aa + ey)", when, * is one of the equal roots of the quantic ; and if the 
. = 
1 
quantic has / pairs of equal roots the /th evectant of the discriminant becomes 


of the form 
(ae 4 sy)" (ar i 4)" see (a,* vs a5 y)". 

Thus the Ist evectant of )) of the eubie, which is (4,3) (a7)? (,37)", is ¥ (4,3) (a7) 477, 
and is -/ of the cubie ; and each term of this evectant contains all but one of 
the root differences. If 2 = 0, some one determinant, as (37), vanishes and 
all but one term of the evectant disappear. The evectant equated to zero 
becomes 

(a,3)° 3° — (0 or & =—(Q. (1) 


* This proposition is proved by Salmon for a ternary quantic. See M. H. Algebra, p. 123. 
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The discriminant of the quintic is 


(a,3)° (a7)* (ad)? (as) (37)* (90)? (,42)* (78 (ye)? (Oe (2) 
and 
B (4,3)" (ay)? (ud)? (37) (,40)° (770) (as) (32) (ve)? oe" (3) 
is its first evectanpt ; and 
Vs “\? fo w2/75% ‘ - o oN 
é (4,3)° (aj) (aay (70) (70) (az) (,32) (7) prose (4) 


the second evectant. Each term of (3) contains all but one of the different 
determinants of (2). If (2) equal zero, some one determinant of (2), as (<0), 


vanishes, and (3) equated to zero becomes 
(a,4)* (a7) (woy (;37)" (,30)' ( yoy" 0 =O0 or @& 0, (5) 


Each term of (4) contains all but two of the different determinants of (2): and 
if (2) equal zero and the quantic has two pairs of equal roots, then two of the 
determinants, as (<0) and (47), vanish, and (4) equated to zero becomes 


(4,3)' (ady' (40)! Po QO. or Po 0, (0) 


which latter form may be written 


~l] 


(3,0 -| ay) (Ow | Oy) 0: 


i 
and similarly for the /th evectant of any vic. 
26. Differential equations satisned hy covariants, Covariants (including 
invariants, which are covariants of degree Q) have sometimes been defined as 
functions of the coefficients and variables of a quantic which satisfy the two 
differential equations* 


de 9 . de 1 By d¢ de de (0) 1 
a : af ; pr oO, , i 1d : ; } ‘ (1) 
' da, ' dia, ' dia. = dia, J dur 
de 9 de ‘ de de de 
“,, j + 4@,_, - By ° . | nd, = —Z -,' 0, )) 
da, 1 da, 2 da, 3 dia, dy 


Functions ¢ that satisfy equations (1) and (2), are functions which are un- 
changed by either of the transformations 


5 r -{ hy . y= Our | Y; (3) 
a2=a-4 0.7, yer + y; (4) 


in both of which the modulus is unity. 


*Salmon’s M. H. Algebra, p. 63. Gordan’s Vorlesungen, p. 119, Vol. II. Burnside and Pan- 
ton’s Theory of Equations, p. 378. 
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It is evident that any covariant of a quantic, considered as a function of 
the roots and variables, is unchanged when any quantity is added to each root 
and variable. From this consideration with reference to coefficient functions, 
arose (1) and (2); and from the same consideration can be obtained the differ- 
ential root equations corresponding to (1) and (2). 

In any covariant function of the quantic 


(A. + ayy) (4,0 j407/) (72  ) ore (5) 
or 
. en W, # 7. i] . 
(Q3i71---)¥" | = | ee tc (6) 
/ %) (9 4 J V1) 
av ‘ _ #£ lea, ee 3, ee. J, 
let 2 be substituted for , 7? A \ for 7, |‘ 2 for’. ete. Such 
Y Y A a, 7 | 7 


a substitution leaves the covariant unchanged and is equivalent to the substi- 


tution 


, UO. A,, @ 0, Ut, + a; ete. (7) 


Regarding the covariant as a covariant 9 of the form of Art. 2, where 


; ih tie a, \%2 (y, 3, | ozs x G1 % 12 j, } °% 
O=(afz,...)°y” < [= . “3 °° a ws + = | ing Od 
3 a, i 71 | Vi a y 7 
and letting 
s=0\"%,—% 72 ay... G., (9) 
y A 4 1 
we have, by Taylor's Theorem, 
Pe ‘ a, * 4, . -\ - ~ 
“ - A. -+tAf, oS ole Rs yy, | See 400, Pe, + cua, (10) 
| y A) 71 ] . 4 
where 
-. d d d é 
@= f+ St... 7 (11) 
“, a ar 
d - d re d | | 
UM A y 


Since #, is a covariant, and hence unchanged by the transformation (7), 
the coefficient of 4 vanishes and therefore 


At, at J, dH, = 0 12 

1 Sy | 3, on (er) ; (12) 
d {—*| gi d 

| A | (3, } LY J 
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Regarding the quantic (5) as a function of ’ and writing it in the form 
H 4 


(Gzj3a7o.- -) 2 





4 may be written in the form 


“oe w ,m 
(Aytojo.. J? a 





‘in (14) can differ only in sign from 


and as before the coefficient of 4 vanishes, 





Operators (11) and (17) may be written 







(13) 


(14) 


(15) 


(18) 


(1%) 


(20) 


— 
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Equations (12) and (18) may be written in the form 


JA 3 JO : JA 0 (29 

7 ; i= == 9, 22 

; da, te d 4, J dy ) 
JIA _ AA J0 


., + Bee + ee J 0. (23 

da, d4, dy ) 

All root symbols of covariants, being the symbolic expressions of 4, satisfy 
both equations (22) and (23). 

97. ~rtieulap TOrMS of the equations of A rt, 26. Operators (19) and 

(20) are adapted to the form of the general symbolic root expression. In the 


common method of root expression, when the quantic is 
a (a LY) (a 47) (7 — yy)..., (24) 


the covariants and invariants are expressed as functions of «, and root differ- 
ences. The quantic (24) is a particular form of the general quantic of the 


preceding sections 


(4,7 BY) (Ae + ey) Gr" + HY) ++, 
when 


Uyhyy ++ = UW, Wy = — ON, hy = — J, 12 = — 7H, 

The form of operator (20) must be changed, in order to adapt it to the 
covariants and invariants of (24); operator (19) does not act upon a, ,4,,7;,..-, 
and suffers no alteration excepting the changes involved in the substitution of 
the values of 4, 3, 72, -- 


According to Art. 2 


4 = (43. — 43,)°2 (a7, Oyj)... (Me + ay)... (25) 
Ww Wl fe 1% [3 a,\% a, \% an 
(AyFifie eM = |S too 7 i (26) 
71 A | Fi a [ aq | 
3 a, | 2 [¥, h, | ©43 tL, ” : 
== a" 2) ¢ 2 he . a -y (27) 
1 (41 my | V1 a { ay 
, «@,)% . (fy @)% j a, \% 
p a, 3? | = “ Gf | 23 - =| Gao' | 2+ y | (28) 
A a, Fi Q, | L ad 
Hence, 
dé dé d0 da, d0 
a, t- thy = 4 2 = a, ‘ (29) 
da, My da, da, du, 
Tt Ab JA 9 
“ “04 (30) 


a, : l. 
- da, oe da,’ 
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dé a. de “, AA 
thy 3 = Uy ’ 
- da, a, da, a, da, 
dé ardA oa, dé 
a, = = “ Ay ° 
* da, a, das a, da, 
‘ ; ‘ eo JAA JAA ‘ 
Substituting in (23) the values of «, yy? 2 pg cc Blves 
tO, ( 7) 
a, dd B2dA , x2dA , 
; Ay My 2, dt, 11 dy. eins | 
a , Mite - Jt 
4 ii diy 
and thus operator (20) becomes 
- a. a As @ ro da 
C= = + = 6 } - 
| % di, (3, U4, ELLE 
ii th, (32 fou lia 
| % 41 ii 


Substituting in (28) the values of 4,, /,, 


FORMS IN TERMS OF 


which corre 


12 “_* 


quantic (24), the resulting value of 4 is the general co: 
(24). Making the same substitutions in (19) and (34) 


2 Cd é .é¢ , d 
| + . + + ro" 2 + 
™ l du dt dy Y dy 
- i me ~@ 
0 o + 9 “ai (a 
da , 


d3 , dy 


a ce ore x 5 
: ’ ° dia, dy 
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Jt 
] i) ; 
dy 


da 
’ da, dy : 


ond to the form of 


‘ant for the form 


df d 


where 0 and 0 now act upon the forms belonging to the quantic (24), and cor- 
respond to the operators (19) and (20) of the general quantic. The differentia] 


equations corresponding to (35) and (36) are®* 


dd dt. dt dt 
+ ~ tooo t+ ¥ 0, 
du d3 dy “ dar 
dd z dij dt ( 3 . dh 
as t w -y oS ace “a - 7 ( 
da . d3 v4 dy . ’ . dia, 


(37) 


dt 


‘ 0, 38 
; dy \ 


If, of (24) equal unity, and y equal unity, then (24) has the form 


(x2 — a) (x — 3) (@ — 7)... 


* Compare Salmon’s M. H. Algebra, p. 65. 


(3%) 
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and the covariants and invariants of (39) satisfv the equations 


dd dt dd di 
J 4 ae = 0 
da’ ds dy dx 0 . (4 ) 
,dA0 - AH » dé . 
y + st = ae a ee ~ me 
” da re 3 * dy ), (41) 


obtained from (37) and (38). 

28. Semi-invariants, Semi-invariants are symmetric functions of the 
roots multiplied by (43,7, ...)’, and satisfying but one of the differential equa- 
tions (22) and (23) of Art. 26. For example, the coefticient of 2 in *'(4,3)*;’, 


: : Becta eds ae ei" x aa : 2 es 
which is 3'(43)*77 or (a,4,7,) * |)/2 — 7) , is asemi-invariant: it satisfies (22) 
i di W*lé J ’ 
| ad, | 
71 ' 


vanishing under the operator (19), but does not satisfy (23), nor vanish under 
the corresponding operator (20). Under the operator (20) ¥ (4,3)? produces 
22(4,3)7,72, Which is the coefficient of zy in +'(4,3);7 ; and upon the applica- 
tion of (20), ¥(43)7,7. produces 2 (4,3)7,?, which is the coefficient of 7° in 
*'(4,3)777, and a semi-invariant. This last coefficient satisfies (23) but not (22), 
and under the action of operator (19) produces the preceding coefficients. 

In general the source* of every covariant is a semi-invariant which satis- 
fies (22); and the operator (20) applied to the source produces in succession 
the remaining coefticients of the given covariant. The final coefficient is a 
semi-invariant which satisfies (23) and under the action of the operator (19) 
vives rise to the preceding coefficients in the covariant. 

It may be remarked that a semi-invariant is either a symmetric function 
of the differences of the roots multiplied by (43,7, ...)®, or a symmetric fune- 
tion of the differences of the reciprocals of the roots muitiplied by (4,37, ...)”. 
All semi-invariants which are sources of covariants belong to the first class ; 
all semi-invariants which are final coetticients belong to the second class. 

29, Semi-invariants of the quantic (7 — a) (ax 3) (x at i CE The 
root forms of the semi-invariants of the quantic (“7 — «) (# — 3) (2 — 7)... are 
simple and interesting in form. Here the covariant whose symbol is + (a,3)*;7 
has the form (4 — 3) (2 — 7)? and its source is the semi-invariant (a — ,3)’, 
and its final coefficient the semi-invariant + (a — ,3);*. In any covariant sym- 
bol, the determinant part, expressed as a function of root differences, is the 
root expression for the semi-invariant, which is the source of the given cova- 
riant. It should be noticed that semi-invariants of the quantict ( — a) (# — ,3) 

* The source is the coefficient of the highest power of 2 in the covariant. See Salmon, p- 134; 
M. Roberts, Quart. Journ. Vol. IV. 
+ Concomitants of the quantic a) (a —- 4) (4 — 4) (#—/)... are obtained from those of the 


quantic (@— 4) (a — 3) (w@—y)... by multiplying by ay». 
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(x 





7)... are symmetric functions of roots and root differences, which either 
do not involve all of the roots of the quantic, or if all the roots occur, do not 
involve them similarly ; semi-invariants might be defined as such functions of 
the roots. Those semi-invariants which are sources are functions of root dif- 
ferences only, as in the above example. 

If any semi-invariant summation of root differences be given, the cova- 


riant of which it is the source can be formed directly ; let * (a — ,4) (7 — 0) and 
S(a— 3)  — 6)? (a —7) be semi-invariants of the quintic ; then it is evident 
that (a — 3) (7 — 0) (# — 2) is the covariant of which the first is the source, 
and that S (a — 3) (7 — 09 (a — 7) (4 — 3) (a — 7) (a — 0) (a — 2)! is the cova- 


riant of which the second is the source. 

Here the covariant root summation is obtained from its source by annex- 
ing such quantic factors as are suflicient to cause each root of the quantie to 
appear as many times as the highest number of times amy one root appears in 
the semi-invariant summation which is the source. This connection between 
covariants and their sources in the root forms is an attractive feature of the 
root functions expressed as symmetric functions of root differences. 

A peculiarity of the final semi-invariant in a covariant in the root differ- 
ence form, is worthy of notice ; if in the final coefficient (2 — «) be substituted 
for a, (a — ,3) for ,3, ete., there results the covariant of which the given semi- 
invariant is the final coefficient ; thus making these substitutions in 2 (@—- ,4)°7°, 
there results Y(a— 3)? (2%— 7). Similarly* if in the source of a covariant 


:_ te substituted for «a, : P for 3, ete., and the result multiplied by 


- - ZA Fy bd i 


(re — ay? (av — se(e— yy ..., the covariant with the given source is obtained. 
30. Lnvariant functions of the nie become semi-invariants of the (n -{ Avie. 


All summations of root differences that are invariants for any quantic become 
semi-invariants of higher quantics when the summation is applied to the roots 
of higher quantics ; but only those semi-invariants of the higher quantic, which 
involve roots similarly, have corresponding invariants in some lower quantic. 


Thus *(« — 3) of a quadratic is an invariant ; but Y(a@ — 4) of a higher 
quantic is the semi-invariant which is the source of the covariant ¥(@ — ,#)° 
(27 — 7) (x 0)? ..., Which is // of the (2 + /#)ic, and whose root symbol is 
S(43)7770? .... The semi-invariant S (a -- 3)? (7 — 0 (a — 7), which is the 


source of the covariant whose symbol is + (4,3)? (70) (a7) 47", cannot be an 


invariant of any quantic. It is evident also that any semi-invariant of the ic 
is a semi-invariant of the (7 +- /)ic. 

31. Fundamental semi-invariants. The following root expressions are 
the root forms of those semi-invariants, which have been shown by Cayley and 


* Burnside and Panton, Theory of Equations, p. 366. 
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others to be the fundamental semi-invariants in terms of which all semi-inva- 
riants of the mic can be rationally and integrally expressed :* 


Root Form Coefficient Form Source of 
any “ Ot 
ivi ees 0 * 

—? om 
v Ne os OS 2 9 i Qin S 5) 2 
= (43) (a7) hij) 1). OM My 4 By 12.15 
V A\2 (so S\ 9 2..3,3 3 2 | Bee 2p 2 » > 
2 (4,3) (4; ) (ao) 4, 1" ay ty — dis, at, 4 6, Uy 12..13.14 
di,' 


(4,3) (az) (a0) (az) 37°7,'0'2,;' ata, — Sasa, + lWaPzafa, 12.138.14.15 


aa LO yea, { du,’ 


m + 


In these the coefticient forms are of the type 7, -'(@, 4, Gs, ~~.) (-— a, ty) 

32. Semi-covariauts.+ Semi-covariants are functions of the roots and 
variables which satisfy but one of the pair of differential equations (22) and (23) 
of Art. 26. E.g. if the summation sign of any covariant symmetric function 
of the roots and variables of an nic, be extended to the roots of an (vm + #)ie 
there results a semi-covariant of the (7 + /)ie. All semi-covariants of an nie 
are products of (4,47, ..J¢y" and symmetric functions of the differences of 
the roots and variables of the wie; into which functions either all the roots of 
the wic do not enter, or if they all enter, are not similarly involved ; thus for 


. , ” ’ | J, sy 3 - re | 4 P - 9 ’ J, “, : 
the quartic (4,,7,6,)? © |¢?——?|; |" +| and (4,7,¢,? Y|2—? 
(3, a) |Y i 1 A 
‘ ) 
r 7 an ee ie 0, | , . ; , ; 
2 | 2) are semi-covariants. These may be written in the forms 
y V1 Y a; 5 
S (4377707 and 2 (4,3)07,0,; and for the quantie 7, (a — a) (a — ;3)(“ — 7) (2 — a) 
they become «,° S(a Ay (a ry and a7 3 (a - 3 iz 7) (" 0). 
, ) re - 
—— . — J a, e “, ie. is | 
If, in the final coefficient, |" -- *; be substituted for ~~, + “? | for 
y “, “a \Yy (41 | 


"5 , etc., there results the semi-covariant itself ; e.g. ¥ (4,3)"a,74,77,'0,' is equal to 
71 


ees ) Seek lh ‘ — ove lie i ta, &)* 
(4,f,7,0,)) + | ot 2; , which becomes (4,3,7,0,) ¥ |‘? — 7; |—+ 3] 
Weise’ d ‘ ’ oe te ee | | | X 
(Ci es LA) LY 


when the substitutions are made. The final coetticient under the successive 
operation of 6 produces the root expressions for the preceding coefticients. 
* Cayley, Am. Jour., Vol. VIII, p. 59; A. B. Kempe, London Math, Soc. (1893), p. 105; E. 


B. Elliott, Messenger of Math., Vol. XXIII, p. 91. 
+ Burnside and Panton. 
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There are fundamental semi-covariants in terms of which all semi-cova- 
riants can be expressed as rational integral functions. Let S any semi- 
covariant, and « the final coefficient in SN; and let ¢ and 4 be rational in- 
tegral functions which involve the roots in the same degree. Then 


ae Oy 3. 
, ee (4,4; ee ma ¢ | - ‘ 4 ; | 
a) 71 
ad d } 
— m 1 2 
=a,"0;—", 3, | 


Os Oy 4, ) 
a." i] | i p Saat 


7) 
ae! a? a (2 a 4 , . 
Substituting ;~ + 7° for ?, ‘| for ¢?, ete., in x, we obtain S; 
J a a Y i*l 7) 
therefore 

(2 Dy | (2 a,) (z 3, 
S=—a,“6ji z 4-7), 2 4 ee (4) 

y 7] A, y 7; 
y" a [S (aa + Oy), (aa + ay) (4, 4 3,4) , (5) 
hence S(a,7 + ay), S (ae +- ay) (tur + jay), ete., may be taken as funda- 


mental semi-covariants in terms of which any semi-covariant \ can be expressed 
as a rational integral function. The series of fundamental semi-covariants are 


the Ist, 2nd, ...,(# — 1)th derivatives of the nic, (a7 — ay) (ter + jy)... 
If the nie be a, (a — a) (a — 3) (4 —y)..., then (4) becomes 


S=—a,"0[(2(@—a), S(a—a)(« — J), 


53. Semi-invariants and Ne mi-covariants ofa syste di of quantics, What 
has been said in Articles 28-32 concerning certain concomitants of a single 
binary quantic, can be extended to similar concomitants of a system of quan- 
tics, where the operators and differential equations are obtained from those 
of Art. 26 by annexing similar root terms for each quantic of the system. Thus 
(19) and (20) of Art. 26 become for a system of quantics 


. P d 4 _ y 7 d 1 
0 “ + - soe Tt € - - Tm see 4 m 
' da, i do ; dé, si dt, / dar (1) 
v d - ’ d . ~y d d ) 
0 Os As LO, (Z) 


( > 
Pa 3» > — a > = Se > T eee Hb . 
da, r dis d4, ie da, sig d4, dy 


It is evident that *'(aa’) (3,7) is a semi-invariant of any system of 2ic and 
(2 + Aric, or of (2 4 


A)jie and (2 +- /)ie, and is the source of ¥ (ua’)\(9.4)77'00"... 
| / > 7\ivd itd 


> 
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and that *(aa’) (,4,7)77 is a semi-covariant of a system of 3ic and (3 + /)ic, or 
of (3 + Ajie and (3 + Adie. 

34. Lutermediate forms. Tf f and 7” be quantics of the same degree, 
and if a covariant of the quantie 7 + 47’ be formed, the coefficients of the 
successive powers of 4in that covariant, are covariants of the system of 7 and 


J. These coefficients have been called the (/fermediute covariants of the 


system 7.7; and in coefticient forms (not symbolic) the operator* 


at. a 3 a 
a b - Se ee ee (1) 


( 


has been used by Boole and others to obtain these forms from the correspond- 
ing covariants of the single quantic 7. Let (1) be written in the form 


Pe d — d P d : 
2B + a + Uy uae (2) 
du, da, da. 
where 
' 
? 7 = - “. “= z. 
J A a Nye" 'y a 5 be” ‘y' ag hea 
(/¢ PF? s 


also let 7# be written in the form 


7 (Cae dy)" 


me | 
Nall n—l yn—l “. N—T 4 VP ypn—-lroPr | e 
aye + nad, Tel Mie ae mee Ty 1 | et Sr 6.445 
Re —— TF 
then 
. = a,” "as , 
ad 1 i ad n—? ad r 
— | ; 
du, (7 rl a! ay Jay 


When these substitutions are made in (2), with a corresponding substitution 


for a’, the operator (2) becomes 
1 ( a \* 1 *t gy n! ae 
m m—l , | ot. . 

» 4 a way Ls : » 


; | 
4 2 } 
diy ( | du, day aes 


and may be written in the form 


1 f d _@ i* 


ay + ds 
n! | da, * da, | 


X 


(3) 


* Boole, Cam. Math. Jour. (1841), Vol. III, p. 106. Salmon’s M. H. Algebra, p. 211. Gor- 
dan’s Vorlesungen, Vol. IT, p. 60. 
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; oe 17 o . - 
which may be represented by | a - | . If (3) be applied to the coefficient 
te 


symbol of any covariant, the corresponding intermediate covariants may be 
obtained. Thus to find the intermediate covariants of (¢/)a) in a system of 
two cubics 


tae 4 ‘ 

| a 7” ((uh\2ah) = 2(ab)(ah\ab A, (4) 
(fe e 

t 
d 

a A = 9 ah 2 ath hs. 5) 
du , ( } al \ 

“ ke yo 2(ahy ah, (0) 
da * 

fv” |"(abytab) = 2 (aby ad 7) 

( ( “ = Zil< r 4 ‘ 
p ((abyrab (GO) aod, ( 


and (ah)? ah is the symbolic coefficient form of the intermediate // of two 
cubies (see Table IX, No. 2). A second application of (3) to (a/b gives 
(wh Pah’, which is // of the cubic 7”. 


F dl df — d = df 
An operator of the form | 4 


a ae ; L 2. which 
: da, 7 da, rs d 4, ins d 4. 


may be denoted by 
iT cs 


“ 3 ane (S) 
da | ' d3 . 


applied to the root symbol of any covariant or invariant, produces other root 
symbols which correspond in order, weight, and degree with those of the in- 
termediate forms. 

35. Application of the intermediate root operator. To illustrate the 
action of the operator (8), Art. 34, let it be applied to // of the cubic. 


D = (as (avy (37F , (1) 

at @ | D =23 (a D(a3 +)? ( 3)" { 2) 

\a 7 | = 22 (a3) (43) (a7) ivy AY, (2 

, d ov ae Fa 2/%4..\9 ay 

i a: A, = 23'(a'3) (4,7) (a7 (37)? = A (3) 
\ i? | 

eh a Py fnt\ Cee’ (Qu? { 

4 dy A, a 42 (4,3) (4%) (ay ) (a7) (37) ’ ( ) 

/ 


} os , , / 7} ’ he a "\ / e ” ~- 
| a’ ad | | . ] ¢ | D = (a3) (47%) (a7) (ax) GH), (5) 
da, . ds i | d 


L ; i) 


ST te 


EF 2 


f SEN TE LD 
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lar gereine gee 
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which is .J/ of the system of two eubies ; and may also be written, as in Table 
IX, No. 10: 
MA) i M = S43) (a7) (7a’) (4,4) (77) - 





9 


Similarly, the same operator applied to J produces +(4',7) (a7') (47), 


which is ./’ of two eubics. A fourth application of this operator reduces D 


' 
d which is .V of two ecubies ; and applied to V produces ¥ (4,7) (47) (47’) (47) (37), 
{ to // of the quantic 7”. 
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PART IL.—SOME GEOMETRICAL INTERPRETATIONS AND 
APPLICATIONS. a} 




















CHaPrer I. 


GEOMETRY OF Binary Forms. 
36. The relation of the hinary mie to tivo te PHAPY yUantics. A binary nie 
equated to zero is an equation in 2/7, whose roots are particular values of this iat 


ratio. It is evident that the intersection of two curves, represented by ternary 


equations, give points which satisfy the binary equation, obtained by elimi- 
nating one variable (2) between the two ternary equations which represent the 


curves. Thus, we may regard a binary vie as an expression denoting the 1 i 
points of intersection of two curves of the degrees # and », where m —— 1; the v 
simplest and most direct interpretation being that in which #— » and » i. \ 
This last interpretation, with the line z = 0 as the line v, is directly applicable N 


to the ternary and binary vic in their most general forms ; since the binary is 
the ternary form in which z= 0. Invariants and covariants of a binary thus 
interpreted, are invariants and covariants of the system of ternary curve and 
line.* Mr. Burnside? has used the case » = 2,” — 4, where the intersec- 


Se ee 


tions of the two curves are the roots of a binary of even degree ; and the case 


y= 2,4 = av, where the points of tangency of the curve /# with the conie » 


are the roots of a binary of odd degree. To obtain convenient forms for this 


interpretation, the following transformation is used : 


a=2, Zy=—y, 


‘ de ae 


oy =: 2 


and the binary quadratic is represented by the intersection of a line with the 


conic 402 — 77 = 0; and any binary wie denotes ” points on this conic. 

37. The relation of the binary nie to k-ary quantics. The representation 
of the binary ie by the intersection of two ternary loci, is a particular case 
of its representation by the intersections of a system of 4 — 1 loci defined by 
k-ary equations, in space of # — 1 dimensions. The case / = 4 has been 







Hjem 


developed by Lindemann and others.} In this case a binary vice denotes the 


*Salmon’s M. H. Algebra, p. 172. 

+ Burnside and Panton, Theory of Equations (3d ed.), p. 455. Burnside, Quarterly Journal, 
Vol. X, p. 211. Salmon’s M. H. Algebra, pp. 173, 181, ete. 

tF. Lindemann, Math. Ann., Vol. XXIII. W. R. W. Roberts, Proc. London Math. Soc., 
Vol. XIII. 
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points of intersection of a system of three surfaces of degrees 4, 4, v, where 
jy =n; and the general binary vic may be represented by the points of in- 
tersection of the general quaternary nic with the planes 2 = 0 and w = 0. 

Mr. W. R. W. Roberts in a paper on two cubics, employed the transfor- 
mation 


at = saat ee: 
» Yowry, & wy, Ww=yYy, 


z= 2 





by which the binary cubic is represented by a plane that cuts the twisted cubic 
in three points ; and all binary quantics denote ~ points on the twisted cubic. 

38. The system of ternary nie and line z = 0. We now return to a more 
detailed consideration of the system of line and curve as the geometrical ex- 
position of the binary; it is in this view that the root forms of the general 
binary quantic find their most natural and most direct interpretation. The 
coefticients and roots of the binary wie will be regarded as general complex 
numbers ; so that all roots may be conceived to be on the complex plane, the 
axis of real quantities being the line z = 0, upon which lie the real roots of 
the mic. 

39. The roots of the binary quantic. The binary quantic vanishes for 
particular values of the ratio 2/y. To obtain a definite geometrical idea of 
this ratio, let us consider the position of points on the complex plane with 
reference to two fixed base points A, 2. All distances will be regarded as 
vector distances, measured by complex numbers, which may become real or 
purely imaginary. The distance of any point from A will be understood to 
be equal to the vector sum of the distances measured, on the axes of real and 
imaginary quantities, by the complex number that determines the affix of that 
point, the point A being the origin; and similarly for the distance of any 
point from /. The difference of the distances of the point from A and from 
/; is the vector A; and the differences of the complex numbers that measure 
these distances, is a real number, and measures the distance A 7. 

Let the distance of any point 7 from A, ZB, be a,, 4,, and let 


a, = p2,, b,. — PYr 5 
then 
d,, A a 
=~, 6, —~ 5, = AB, 
)> Yr 


and the point 7 may be taken to represent the root — 7,/y, or the equation 
zy, + yr, = 0. 
Similarly, the equation 
(ry, + ry) (27, a TY) +e (7Y, a ”,Y) —r 0 


is represented by x points on the complex plane. 
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40. The geometrical meaning of x,y, — «xy, Let AB be the unit of 
measure of vector distance, and let the respective vector-pairs of any two 
points 7, s be determined by 


ad, | f,. a. Zz 
bh ¥, : h. WV. , 
é.. b. = é.— h. A } l ; 
then 
a, a. ad. ; .. 
a, h a. yy . &.— h, wT Ye . 


the measures of the vectors @,, @,, are 
i M pf 
’ 
wy 7 y, ws \ Ys 
and the measure of the vector 7s is 


a r TY, r, Ys 


j 


's + Ys vy Yr (7, T y, ) (7's Ys) 


s 


a 


in terms of the unit vector A 7. 

The latter fraction, when multiplied by any number, expresses the distance 
rs in terms of a new unit of measure, which equals the original unit divided 
by the multiplier of the fraction. Let the fraction be multiplied by — (7, 4 y,) 
(v7, + y,); then the distance 7s is expressed by «,y, ry, in terms of a new 
unit vector /, when 


— AB — PAB 


k bang == 
(2. + Y,) (LU, = Ys) («,. b,.) (, h,) 


GAB. 


If there be a product 
(2, %> com UY) (PY = X,Y)? i s (Yn : 24 & man 


each factor is the distance between two points, and all in terms of the same 
unit of measure. 

41. Loot notation. Inthe preceding sections «,/y, is replaced by a, /as, 
X/Yo DY 4, jo) 23/Y3 bY 7/72, ete.; and the quantic appears in the form 


(ae + any) (He + BY) (He + HY) -- 


which is often written in the abbreviated form 4,377 .... 
In the following sections, for the sake of convenience, the quantic is most 
frequently written 
(r — a) (e — fi) (@—7)... 
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and the numbers a, ;3, 7, ..., are represented on the complex plane by vector 
distances measured from a single base point A. 

The root expressions of preceding sections are transferred into this nota- 
tion by substituting « — 3 for «3, — a,3,, which is written (4,3) in the Tables ; 
and « — a for aa + ay, which is written a in the Tables. 

42. Corvariants and invariants. It follows from Arts. 2, 3, 40 that co- 
variants and invariants are functions of the distances between points on the 
complex plane, which, when equated to zero, express relations among these 
points, that are unchanged by any linear transformation, and therefore by any 
change of base points. An invariant equated to zero expresses a relation 
among the # points denoted by the quantic. A covariant of degree p is rep- 
resented by its » root points, that bear certain relations to the # root points 
of the quantic. 


Cuarprer I. 
ParricuLarn INVARIANTS AND CoVARIANTS WITH GEOMETRICAL INTERPRETATIONS. 


13. The following interpretations of the root expressions of certain inva- 
riants and covariants are given to illustrate the general geometrical theory 
adopted in the last section; and also to emphasize the importance of the root 
expressions in furnishing direct solutions and interpretations of well known 
forms. The geometrical problems considered are approached only through 
the root expressions. No attempt is made to investigate the elaborate forms 
of the quintic and sextic, since such an investigation would necessarily involve 
long and intricate algebraic work and add nothing to the general theory and 
methods, which are sufliciently illustrated in the forms of the lower quantics. 
Frequent reference is made to a paper by Mr. R. Russell (2’roc. London Math. 
Soc., Vol. XEX, p. 56) in which the irreducible invariant and covariant relations 
of quartic roots have been fully developed. 

ie J of the cubic. Equating // to zéro 


(2 — sr (e@—zP + (2—7¥ (eC — AP + —7¥ (e— af =—9,7Z (1) 
(a— pF (@—7 1 4 Bre — 4h 9, (2) 
(. yy (a 3) (2— 7) (@ — Jy 
ie. #+1+4(1—4?=0, or F—441=0, (3) 
where 5 ce ee FF (asay} . (4) 


(a—y)(r 4) 


Equation (3) is the condition that four points form an equi-anharmonic series. 
The vanishing of //, therefore, expresses the condition that the eubie points 
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and either one of the // points form an equi-anharmonie series ; and the cubic 
points are three of the vertices of a pair of equi-anharmonie quadrangles.* 
By solving the quadratic (3), we obtain the two linear factors of //: 


HT = \(a + w7 + wW*3)e + (7 + wat + waz)| 


[( “ wy ~ ty — (57 wu 3 way) | 
\ i “it j / ' 


where w =1. By changing the form of the factors the // equation may be 
written 


( 1 w w ?) ( 1 w w ) 
-+ () (+)) 
r u r— 3 av ra .) iz “ xz 3 r ; ,) 
and also 
; y 1 1 11) 
-- 0) _— > 
( P “ r ra LP 3 ar 7 ) 
§ I u w | 1 I , 0, (6) 
4 “ F 4 3 H i r {3 ) 
Therefore, the // points must satisfy the equations 
1 nail 1 |-+- Ww | 1 0 “ (4 ) 
r “ a— i) “og 7 r “yl 
1 
| 1 1 ’ Low | —(), (S) 
r—wv r— (3 | @ r Pi 7 


From (7) it is evident the line joining the quasi-inversest of the points « and 
7 1s inclined at an angle of 60° (=- argument of «) to the line joining the quasi- 
inverses of the points 7 and 3, when x (one of the // points) is the point of 
inversion ;} similarly for the points (4, ,4) and (,3,7) of equation (8). It is now 
evident that the // points are points from which the triangle «, ,4, 7 inverts into 
an equilateral triangle. 

If « = 7 in the cubic ; that is, if D 0, which is 


(4 3)" (a rom (3 Fs 7) 0 ’ 
then (1) becomes 
(r—ayila oy = @, ({)) 


* For the construction of the equi-anharmonic quadrangle, see Harkness and Morley, Theory 
of Functions, page 25. 

+ Quasi-inversion is circle inversion from a point, and a reflection about the axis of real quan- 
tities. 

t This Geometrical interpretation of 7 is due to Mr. R. Russell. See Proce. London Math. 
Soe., Vol. XIX, p. 62. 
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and // has a square factor, the same square factor that occurs in the cubic.* 
If ~ = 4 = 7, equation (1) is true identically. 
45. The covariant J of the cubic.* Equating + (4,3) (,47) 477 to zero, and 
dividing by (;7 His —2ai2 3) (2 — @) (a oa /3) (2 7), we get 


z 4 = 18... #7 a. 5 .+(1—4=0, 


/ / / ] i—A, 
y Fg de + 384 4+2, = (A+ 1)(24—1)(4—2), = 0, 
a 1,3, 2; and any one of the roots of / is harmonie with the three 


roots of the cubie.t 
46. Sof the quartic. Equating 8S, — 3'(a,3)* (ye), to zero, 


(a— 3P (7 0) (3— 7) (0 ay + (a—yf(3— oP =0, (1) 

(a 4) | oy (a ~\? (3 oO) 

a7 3 ee 1 te, (2) 

(¢ 0) (7 rie (7 i) (a “)- ° 

i.e “50° + baz40'" +1 0, (3) 
#+(1l—asarPtl=o0, [4 Sasa} (4) 

A — 4 1=0 (D) 


Therefore a, 4, 7, 0 are in equi-anharmonic ratio (see Art. 44). 
47. Lo of the quartic. FEquating 7, — ¥ (4,3) (70)? (a7) (30), to zero and 


dividing by (u 3) (a — x) (a — 0) (3 a) (a 
aD é i / ‘ i? 


: — 0) (0 — 4) we obtain 


/ j 


1 / 


. / / l (1 ’ 1 / / 1 : 
(4 +1) (24 ls B= 0, 
y re 


Hence the vanishing of 7’ is the condition tiat the four roots may be harmonic. 
18. J of the quartic, Equating J, — 2 (4,3) (72) 77,30°, to zero, and fac- 


toring, 
, -- ‘ ~ . 3 . ‘ ak 
(7 — 7) (4 — a) (3 — 0) — (wv — {3) (a O)\4 —7F)) 
(re — aya D7 0) + (4 —y) (a 0) (a — ;3)) 
[(7 — 3) (“ — 0) (a — 7) + (# — a) (@ — 7) (3 — 0)] = 0 (1) 


* This is a particular case of the following theorem, which is evident from the root-forms : 
If « binary quantic have a square factor, this is a factor of the Hessian. 
+J is the evectant of J), See Art. 24. 
} For the construction of the harmonic quadrangle see Harkness and Morley, p. 24. 
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which may be written 


ited op 1 iad Dp l i Dp 1 
jr 3+71 apa+t+yl aja— 31 0, (2) 
“Oo Oo 01 0 3 ol vo ri 01 


The vanishing of a factor in (2) expresses that a pair of -/ points are the double 
points of the involution formed by the corresponding pairs of quartic points, 
the distances 4, 3,7, 0 being measured along an axis. Equation (1) may be 
put into the form 


(1 1 1 ee 3 1 1 

dw i e—a x - 3 w—oY du a A 7 : 0 2 / ) 
( | | 1 1 I . , 0 ( >) 
¢ brs Pe R i z= “ r 0 ,) 


from which Mr. Russell deduces geometrically the following proposition; “ If 
the roots of a quartic be represented by four points in a plane,* the roots of 
the sextic covariant are those six points (all real*) from which as origin the 
quadrilateral inverts into a parallelogram.” 

Mr. Russell also gives a geometrical interpretation of the // covariant. 

49. Equal roots inthe quartic. Wa= 3, then P= 0,8 = 2%u— 7 (0— a), 
LT = 2(7 — a) (4 — 0)’, and S* — 277 = 0. As indicated in Art. 13, the 
names /), S, 7’, ete., refer to the covariant and invariant root functions, which 
are certain numerical multiples of the corresponding coetticient functions. If 
D),, S,, 7, represent the coefficient functions as given by Salmon and others, 


the following relations exist : 


216), = a,°(a — 3) (4 — 7 (a — 6 (3 — 7 (3 — OP (7 — OF =a SD, 
248, = a (a :, 3) (7 oy =aZNs, 
4327, = 4,' S(a— pF 7 — AF (a — 7) (F— 8) HHT. 


Substituting for 7’ and S their values in terms of 7), and \, we have 
S$ — 2777 = 0, whene = 7. Since J, also vanishes when v = ,7, and is a 
function of the same order and weight as S,*— 2777, 


S?> — 2777 =mD,. 


7. fT} 


* Mr. Russell represents all the roots of the quartic and of its covariant, on the complex plane. 
His use of the word veal probably refers to the actual existence of the covariant points as deter- 
mined by a real construction in this plane. 
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It can be shown by comparison of terms that the numerical multiplier #7 is 
equal to unity ; and hence that 


§3—27T?= D,. 


From this, or by an independent comparison of the root functions, we have 
S*—27? 64D. 


50. / of the quintic and bof the sertic, The invariant named /, of the 
quintic, by Hermite,* is made up of five sets of three factors each ;* one set 


of which is as follows: 


« Ba ji ce V2 1 wc MW Jd 
wypjateil jo 3+061 je ste 1 
Ns O - E 1 1- 7 Eg 1 vo 7 0 1 


The vanishing of / is the condition that one root be a double point of the 
involution formed by the other four; that is, that one root bear the same rela- 
tion to the other four as do the / points of the quartic to the quartic roots 
(see Art. 48). 

/) of the sextic equated to zero expresses the condition that the sextic 
points should form an involution, since 


EK = // a) i +t 0 1 
eo E+ © 1 
‘ 


D1. Polars.— voariduts of the syst dil ot Wie and lic. Writing nA o = An’, 
y + sy) in the Joachimstal form 


’ . , . , ’ . ° a ad . gr- , , , , 
acs Ad, Ai ) T (2, 7) L Adf a1 S7 ae eet | pit’ 74 Try ), A) 
ya n - : 
‘here .@ 
where a d y 2. 
avr 4 dy 


The functions J’7(., 7) are called the polars of the point 27 with regard to 
the binary nie, 7; these polars are covariants of the system of the points of 
J with the point “’y'; they are the emanantst of the nic 7 The polars denote 
groups of points related to the zie points and the point 7’7/. 











* Camb. and Dublin Math. Journ., Vol. IX, p. 186, ete. Salmon, p. 258. 
+See Art. 23. 
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CONCOMITANT 
Let 7(7, y) be the quartic 7. 
(aa + ay) (jr + joy) (He + poy) (Oe + Oy), (2) 

which, for convenience, may be written 
(2 — ay) (@ — ty) (a — yy) (a — dy), (3) = 
then : 


Sf = 2(z' — ay) (ax ity) (a vy) (a oy) : (4) | 


(wr ty) Ey VU (ae oy) 


= (a — ay’) — 3y')(a" ry Nar oy’) 2 : feat ; (La 2 
(a (FY a vV Cz OY ) i 


ee x : ’ . F : _ 
W riting « for ss and a for (a a) (x jt) (a 7) (a 0), 





Lh 
. . (2 3) ir +) (x 0) , fl 
Jt: me “ r) ; =. (6) 
(2 — 8) (a — 7) (2 — 8) 
Fos ais (x ~\) (ir 0 — Or 0) ; 
Similarly £f = mJ ——— . ) , Ff =mz — + i 
a , ‘2 - 7) (7 0) P (wr 0) ; 
) ." 
a 
. , . . . 4 
In general, if 7 (7, v) be an vie, its 7th polar is i 
: i 
_L7 , ‘ , we ee / ZA U y ie aed 
St (x,y) = [ (x — ar — Ir 6 oe a 2 an : (4) 2 
r—a“ Zz ja 9 
to (7 — 7) factors. a 
oo ) 
Since each polar of 2’ with respect to 7 is the first polar of # with respect to ‘a 
the preceding polar, the theory of first polars includes that of all polars. In i 
. ° . ° a 
the binary as in the ternary forms: If A lie on the 7th polar of 2, then F lies i S 
on the (x — 7)th polar of 4; or more accurately, if lL be one of the 7th polar ” G 


points of 4, then 7 is one of the (# — r)th polar points of 1. | 
52. The 1st and (n — 1)th polars of the nic. Equating to zero the first 
polar, 


B2> 


nd a 
z—@ 
2 (1) Li 
ia &€ me 
f 
’ oe ? 
= a 1 — = U0 (2) i 
oA J 
’ DT) 
s — . (3) * 
t-—ZT a J 


.. the harmonic mean of the ~ points «@, 3, 7,..., with respect to # as origin, 
* Dr. Bocher (Annals of Math., Vol. 7, p. 70) remarks that f’(2) is the Ist polar of f(z) with 
respect to 2’ = x: and that by fractional linear transformation we pass from this case to that of the 


Ist polar with respect to any point P. 
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is the point 2’, where 2 denotes any one of the (7 — 1) points of the first polar ; 
and the quasi-inverse of the point 2 with respect to 2, is the arithmetical 
mean of the quasi-inverse* of 4, 3, 7...., With respect to the same point 2. 


The equation of the (# — 1)th polar may be written 
| ; 


ei 4) | ea eT 
yt rat =0; 
“ U av UL 
V 1 4 
~ y we r y 


and wis the harmonie mean of the ” points «4, 3,7, ..., With respect to x’ as 


origin; i.e. the quasi-inverse of with respect to 2’, is the arithmetical mean 
of the quasi-inverse of 4, 3, ..., With respect to 2”. 


CuHarrer IIT. 
sixary Roor Forms iw Tuer Revarions ro Cerrars Ternary Forms.+ 


53. Conutravariants and mixed-concomitants have been defined by Salmon 
as invariant functions into which enter variables 4, 4, » that are transformed 
by the inverse transformation.} It is proposed in the present chapter to con- 
sider certain classes of ternary contravariants derived from binary invariants, 
and the mixed-concomitants that are derived directly from binary covariants, 
and also the geometrical interpretations of these and other contravariants and 
mixed-concomitants. A new use will be made of semi-invariants in their root- 
forms; and from them will be derived certain semi-contravariants, so named 
by analogy. 


od. Binary in marines and contravariants. Let 7(7, Y,2) = Obe the equation 


; ; s of d nw | 
of acurve and Av -- ny + v2 = 0, of a transversal; then 7 | 7,y,—"~2—' y , =O 
y y 
which we shall call ¢ (7, y) = 0, is the equation of a system of lines from the 


point « = 0, 7 = U0 to the intersections of the transversal and curve, or, in 
other words, the equation of a system of points on the transversal. Any given 
invariant relations among the roots of ¢ (7, 7), expressed as a relation among 
the intersections of 7(v, 7, 2) with the line A” + wy + vz, is a contravariant of 
Tie, y, 2) equated to zero, and is the tangential equation of the envelope of 
the line Av wy + vz = O subject to the given invariant relation among its 


*See first note to Art. 44. 

+ The writer is indebted to Professor McMahon for suggestions on the subject of this chapter. 
tSee M. H. Algebra, pp. 117, 120, 127, 145. 

$ By ‘invariant relation’ is to be understood an invariant equated to zero; similarly for 


‘* covariant relation.’ 















































MACKINNON. CONCOMITANT BINARY FORMS IN TERMS OF THE ROOTS, 145 


. 


intersections with 7 (7, y, 2)= 0. E. g. the 7’ invariant relation of a quartic 
is 
S(a— 3 (7 — 6 (a 7v) (3 — d) = 0 (1) 


wa 12.23.31 —0, 'Cayley’s notation. (2) 


which is the condition for a harmonic relation among the roots of the quartic 
(Art. 47). Expressing these operations, to be performed on the binary quartic 
¢(r, y), in terms of operations® on the ternary quartie 7 (7, 7, 2), we get 





ie . 408. $5.7, 9%. (3) 


- 


2 
2 
. 


412 


The first member of (3) is equivalent to the 7’ invariant of the quartic 
mf , , | m a 
fi 2,Y, - ig y|,and may be called the 7’ contravariant of (7, y, 2). 


, ) 
o - 


Moreover (3) is the tangential equation of the curve of the sixth class, which 
is the envelope of a transversal (A, 4, ») divided harmonically by the quartic 
curve. 

From the above it is evident that to any invariant of a binary vic, there 
corresponds a contravariant of the ternary vic, which, when equated to zero, 
represents the envelope of a transversal satisfying the given invariant relation 
among its intersections with the ternary vic. 

55. Mired concomitants derived Trou binary covariauts, Similarly, to 
every covariant of a binary wie there corresponds a mixed concomitant in 
(v, ¥, 2,4, 4, »), Which, when equated to zero, represents a curve whose inter- 
sections on the line (4, 4, ») bear the given covariant relation to the intersec- 
tions of 7 (7, y, 2) = 0, on the same transversal. EE. g. to the covariant 12 ¢,¢, 
of a binary cubic corresponds the mixed concomitant 412 7,7, of a ternary, 
which, when equated to zero, represents a conic whose intersections with 


du +- py + vz = O are the points denoted by 12 ¢,¢, — 0, where the roots of 
¢ = 0 give the intersections of the cubic curve 7(.7, y, 2) = 0 with the same 


line. If A, 2, C be these intersections, then either of the intersections /’ of 
the conic satisfies the relation 


PA*, BC? + PB*. CA? + PC*. AB*=0. 
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It will be observed that this mixed concomitant locus is not fixed, but 


varies with the line (A, 4, »). We may obtain from it an important fixed con- 


comitant of the given curve by finding the condition that 4, 4, » must fulfil, in 
order that one root of the binary covariant may move on another given fixed 
curve. This condition is evidently the result of eliminating a, 7, z from the 
equations of this fixed curve, the mixed concomitant, and the line (A, /, »). 

56. Tro methods of deriving a new set of envelopes coneomitant to a 
given curve, The preceding interpretations of contravariants and mixed con- 
comitants are of use in obtaining a set of envelopes by the following methods. 
The first method is applicable to the derivation of contravariant envelopes 
from those binary covariants in which the order and degree are equal ; the 
second method has a more general application. 

Krample of first method. et it be required to find the envelope of a 
transversal of a cubic, such that there exists among A, B, (, the three points 
of intersection, the relation 


AB.AC+ BC. BA+ CA.CLh=0, 
which corresponds to the semi-invariant 
Via — 3) (a —7) =0 1 
-(4— s)(a—y)=—0. (1) 
The covariant relation of which (1) is the “ source ” is 
-(4— s(a—j7)(e— A e—7) =9, (2) 
which, when (1) is satisfied, has an infinite root. Substituting @ for 2 in (2), 
it becomes the SV invariant of a quartic ; 1. e. 
(a ‘ 3) (4 i) (OG <= 3) (0 —j7y)= 0 
in which ¢@ is infinite. Hence the problem is reduced to the more familiar one 
exemplified above: To find the envelope of a transversal of a quartic curve 
such that the S invariant of the four intersections may vanish ; the “ quartic 


curve ” being in this case a composite, made up of the given cubie and the line 
at infinity. 





4 
Since the Cayley symbol for S of a binary quartic is 12 ¢,¢,, the symbolic 
equation of the required envelope is 


—4 
A2 ff, =0 


where 7(w, y, 2) is the product of the given ternary cubic by the linear function 
ax + by +- cz; the coefficients «, 4, ¢ being the lengths of the sides of the 
triangle of reference. 
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58. General statement of first method. The following is a general state- 
ment of the method pursued in the above example. It is required to find the 
envelope of a transversal which moves so as to satisfy a given semi-invariant 
relation among its intersections with the wie curve. If in the covariant of 
which the given invariant is the source, the order and degree be equal, there 
is an invariant relation of a binary (x + 1)ic which is consistent with the given 
seml-invariant relation, if one root of the (” + 1l)ie be infinite. This invariant 
relation of the binary ( + 1l)ic may be regarded as an invariant relation of 
the binary vic and the linear #/y = #; and from it may be derived a corre- 
sponding contravariant relation for the ternary vie curve, and the line at 
infinity ; which is the tangential equation of the required envelope of the 
transversal (/, 4, ). 
It will be observed that the covariant relation of the binary vie with one 





root of the covariant infinite, and the invariant relation of the binary (# 4- 1)ie 
which has one root infinite, and the contravariant relation of the ternary 
(n +- 1)ic composed of the given curve and the line at infinity, are all different 
expressions for the same condition ; it is the last form that can be interpreted 
as the equation of an envelope in (/, #4, ») coordinates. 

59. Number of envelopes of the first method. Wt is now evident that for 
every covariant of a binary vic in which the order and degree are equal, there 
is a contravariant, which is the envelope of the transversal of a ternary nic 
curve, whose intersections satisfy the semi-invariant relation obtained by 
equating to zero the source of the covariant of the binary vic. The symbol of 
this contravariant is derived from that of the invariant of the binary (” + Lie, 
whose order and weight are equal respectively to the order and weight of the 
covariant of the wie; and is obtained by pretixing 4 to each group of figures 
) in the invariant symbol ; and operates upon the product of the ternary vic and 
the line at infinity. For every invariant of an (7 + I)ic there is a covariant 
of the vic, in which the order and degree are equal, and which is obtained by 
substituting « for one root in the summation symbol of the invariant of the 
(n + 1)ie; thus, to the 7’ of the quartic, which is 


Y (a — AP (7 — 8 (a — 7) (8—4), 
there corresponds a covariant of the cubic, which is 

2 (a — fF (xy — 2) (a —7) (3 — 2). 
Therefore, by the preceding paragraph, to every invariant 


=z (a — /3)% ‘ere (a — v)*in (3 _ v)®2n eee (ps —_ -v)°mn 





of an nic, there corresponds a function of 4, 4, », which when equated to zero 
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is the envelope of a transversal of an (7 — 1)ic curve, whose intersections sat- 


 P- isfy the semi-invariant condition obtained by equating to zero the source of 
um yi 

v yz , 3 J y 
4 2 (a — 3)2... (a — x) (3 — v)’in. . . (ft — 7)omn, 


j 60. These envelopes are semi-contravariants of the nic. These functions 
zi which are contravariants of the system of vic and line at infinity, may be called 
j ‘ semi-contravariants of the nie; and when equated to zero, each represents a 


-s #2 


curve such that any tangent to it meets the nie curve in points which satisfy 
a particular semi-invariant relation ; while a contravariant curve of an nic 





has tangents whose intersections with the vic satisfy an invariant relation. These 
“ invariant relations being unchanged by any linear transformation, the contra- 
- variant curves of Art. 54 bear relations to the nie curve which are unchanged 
Z by any linear transformation. Semi-contravariant curves maintain their rela- 
I tions to the wic curve only under such transformations as preserve the semi- 
1, invariant relations of the tangent and the wie to which it is transversal (see 
' Art. 42). These semi-invariant relations are preserved only by such trans- 
1 ‘ formations as are equivalent to projection with the centre of projection at 
4 infinity, or projection with the axis of projection at infinity. 
; 5 GL. Applications of the first method, (a). To find the envelope of the 
r 5: transversal of a quintic curve such that the intersections A, 4, C, ), / may 
| i satisfy the relation YLC?. A? — 0: This corresponds to the semi-invariant 
iff ; ae ae 
if ee = EP te = a) = 0 ; 
nth 
which is the source of the covariant 
' ¥(4— PRO — uF ww — fF =O. 
: Hence the latter must have an infinite root. Changing x into £, we obtain the 
a invariant of a sextic, 
m \(3— yx (6 — af (C —efW = 0, 
f one of the roots of the sextic being infinite. The symbolical form of this inva- 
Mi riant is 
-—6 
f l2¢¢,=— 0, 
fh which gives rise as before to the ternary contravariant 
Hi et. 
a 412 fp, =o 0 . 
4\ 


ft { _ Taking f as the product of the given quintic eurve and the line at infinity, this 
f t *. . - . . . 
operation will give the tangential equation of the required envelope. 
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(4). Similarly a transversal of a septic curve satisfying the relation 
SAL. CD*. EF? = 0 has the envelope 





A2 FF, = 0, 


in which 7 is, as before, a composite octic ; and so in general for any curve of 
odd degree, when the expression YA L*. CU”... involves all the points but 
two, in separate pairs. 





(ce). Starting with the invariant of a quartic (12 . 23.13) ¢¢.¢,, we know 


a) 


that there is a contravariant of a quartic curve, 








(412 . 223. 113 fff, = 0. 


Applying this to the composite quartic made up of a cubic curve and line at 
infinity, and thus deriving a semi-contravariant of the cubic, let us enquire 
what geometrical property this envelope possesses. 

The root-form of the above invariant is found to be 


S(a — pr (a— yz) (8 — 7 (8 - 3), 


and the geometrical property of the corresponding contravariant of a quartic 
curve is that its tangents satisfy the relation YA B?. AC. DC?. DB = 0. 
Letting one of these points 7 move on the line at infinity, the other three 
must satisfy the relation 

SAB*.AC=0, 


which is the geometrical property of the above semi-contravariant of a cubic 
curve. 


(7). Similarly, from the invariant (12.23.31) ¢,¢.¢, of a binary octie is 


derived the semi-contravariant (412 . 423 . 431) fff, of a ternary septic, where 


J is the composite ternary octic. The corresponding semi-invariant relation 


is found to be 


SAB. CIP. EF? AC. BD. EG =0. 


There is a similar semi-contravariant for any ternary (47 — lL)ie. 

62. Second method of deriving semi-contravariants of ternaries Srom 
semi-invariant root forms of binaries. Vf in the covariant of which the given 
semi-invariant is the source, the order and degree be not equal, there is evi- 
dently no corresponding invariant of the binary (x + l)ic, and therefore no 
corresponding contravariant of the ternary (x 4 1l)ic. In this case, in order 
to find an envelope, corresponding to the given semi-invariant condition, we 
make use of the mixed concomitant of Art. 55. Ez. g. let it be required to find 
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the envelope of the transversal of a quartic, that moves so that its intersec- 
tions A, 2, C, DY satisfy YA L* = 0, or 

v' 4\2 

(4 — 37 = 0. (1) 


The covariant relation 
(a —_ 3) (2 — rv) (x — 0)? =0 (2) 


must then have a value of «infinite, and the corresponding mixed concomitant 
’ oD 





j2 ff, = 0, (3) 
where / is a ternary quartic, must have one intersection with 

jn + py +rvz=—0, (4) 
at infinity ; i. e. (3) and (4) must intersect on 

uz + by + cz =0, (5) 


where «7, 4, ¢ are the lengths of the sides of the reference triangle. The elimi- 
nant of (3), (4), (5) is obtained by substituting for z, y, 2 in (3), the expressions 
cu — by, av — ch, bh — ap. The result is the condition the transversal (A, , v) 
must fulfil, in order that its intersections with the curve f(2, y, 2) = 0, may 
satisfy the relation (1). 

63. The envelopes of the second method include those of the first method. 
The envelope of a transversal satisfying any given semi-invariant relation can 
be found by the second method ; since to every semi-invariant of an vic, there 
corresponds a covariant of the same vic, and to the covariant a mixed con- 
comitant of the ternary nic. Hence the envelopes whose equations are ob- 
tainable by the second method, include those that may be found by the first 
method. E. g. the envelope of the transversal of a cubic, moving so that its 
intersections satisfy Y AL. AC = 0, which has been shown in Art. 57 to be 


’ 


—_—4 
AL2 f/f; = 9, (jf =a composite ternary quartic.) 
is also by Art. 62, 





A2 ff, = 90, (f — the ternary cubic.) 


in which «, 7, z are to be replaced by by — cp, ch — av, ap — b2. 
It may be of interest to compare the actual working out of these indicated 
operations, for the canonical form of the cubic, viz: 
f-e@+yt+24 6maryz, 
a (anv + by ; cz) f 
au + bary + ary’ + byt + 2 (ex + 6ama’y + 6hixry + cy’) 


+ 2° (Gemay) + Fa (ax + by) + cz, 
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a dediad , 
Writing 5,7, £ for, , , -,., then the operator of the second method is 
dx’? dy’ dz 
A ft v . 
119—'\¢& 
12 1 mS 
S22 fe 


—\2 5s a v2 ww? ~g2 +2 Oy, vd 
wily he Oe Ue Ie + he “Niet + Gee 


in which the coefficient of 7 is (7,2, — 7,2 
Operating with this on 7, .,7; and making the subscripts identical gives 


9 ar af ( d*f }* 
2| ee * d2* | dydz j | 


The coefticient of 24 is (7,7, — %,7.) (2,6, 6,0 
‘ 21°42 2172 I~ 


{i=z2 


\ ] » ad = = 
ay OC. Hil + Sale — SM + 


2 
e 





9 - 


— fP. Fiq, + H%,.6,0,, Which, operating on 7, ..7;, gives, when the subscripts 
are made identical, 

of af df ad*f d°f 

- | ait , dardz dady , dz ] ; 


Hence the equation of the mixed concomitant curve is 
BP (y2 — ma’) +- 2 (za — my?) + Y (ay — mz") 
'__ ee ee a2 “ 
+ BAe (mirry m2) -+...=0. 


The condition that one of its intersections with (A, 4, ») may be on the line at 


infinity is obtained by putting 4» — cy for x, ete.; and the tangential equation 
of the required envelope reduces to 
at (Genat BV (de? 1 pA) 2,2 ; 12,2 
be# + (2ma be) (48 + 2’) 4 4 (ne mah) ey 


|} (a* — 4m*he) Poy +... = 0. 


On the other hand the operator of the first method is 





4 pL y 
— 
”) ld o 
/A12 21 qi 1 J 
S2 % C2 


in which the coefficient of “4 is (4,0, — 


67°C," . 7.70.2 —..., which operating on 7)’. 


dy ~ dz dydz° dydz 


a 


9 df" df’ 4 dif’ df’ 3 | af’ ‘be 
’ | dyed? | 


= 2 [24 ° 24he —_ 4 ° 6 ‘é he] = 864he. 
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The coefficient of #4 is 4(4,2, — £,92)° (2,3. — $,2,), which gives 
p. “fp df’ _ df’ af’ re df’ d'f’ aS dif” 
dedy dz dedytdz" dyd2 dedydz** dy'dz— dxdz5" dy dz ] 


—8(6.24ac — 3.12. 60°m — 6. 6ac) = 864 (2mh? — ae). 


The coefficients of 77, and of #yy, may be similarly obtained, and it will be 
seen that the result agrees with that given above. 

The first method (the last worked out above) has the advantage of giving 
the result directly in terms of 4, 4, ¥, without the substitution for x, 7, z; while 
the second method (the first worked out above) has the greater advantage of a 
simpler differential operator. 

64. Hurther applications of the second method. (1) A transversal ‘to a 
cubic has the two intercepts equal ; find its envelope. 

Taking AL = LC, then 3 — a=; — j,i. e.23—7—a=0. Similarly, 
if BU — CA, then 27 — 4 — 3 =0; andif CA = AB, then 2a — 3 —7 = 
In any case the symmetric relation 


(24 — 3 — 7) (23 —7 — 4) (27 —a—f) =0, 
which is semi-invariant, is satisfied. It may also be written 
(a — pr (a—y) = 0,7 
and it is the source of the covariant equation 
“(a -— f/ (a — 7) (@ — 3) (@ —7P = 0, 


of which the Cayley symbol is 





and the corresponding mixed concomitant is 
AZ ALB A, ff, =O. [ fa ternary cubic. 
The coefficient of # is (4.2, — 7,£,)" (4:2; — £17,), i. e. 


a ! 


oie a wo r wo 3 — - mn 2 an 
4152s: Tee Pe ee 1 ee 
which, operating on the canonical form of the cubic, gives 

6.62 (32° + 6Bmry) — 6.6y (37 + Bmrz) = 108(2* — y’). 


The coefficient of 7 is 


(7,02 — ime) (2,65 — €,03) + 2(4,2, — £142) (2,5; me Ef) (7123 = £143) ’ 
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ge 3 2 ~; > w « 
or + Ge 683+ 459.01 -% 


which gives 
108 [(1 + 82°) a*y + Gmz (y*? 4+ 2mz)). 


The coefticient of 42 will be found to vanish. 
Hence the mixed concomitant curve is 


B(2— y') + (a — 2) 4+ Yi —a*) + Ful (1 + 8m) a*y + 62 (y 4 2mewz)] 
— dy [(1 4+ 8m*) ay? + Om2z(y? 4+ 2mrz)| 4 ...=0. 


The semi-contravariant is obtained by putting cu — by for «, ete. 





An interesting special case is when m is infinite, the cubic reducing to 
xyz = 0, and the mixed concomitant to 


Pux?y — hyeay? + pevyPe — pe ye + Piste — v#P 2a? — 0 
(Ax — py) (uy — vz) (v2 — Av) = 0; 


and the semi-contravariant breaks up into three second class envelopes apy +- 
bvA — 2cipn = 0, ete., which are evidently touched by the four lines whose co- 
ordinates are (1, 0, 0), (0,1, 0), (0, 0,1), (a, 4, ¢), and hence are parabolas 
touching the sides of the given triangle. If the line at infinity be projected 
into the field, the above is the envelope of a line divided harmonically by four 
given lines ; the three conics corresponding to the three ways of pairing the 
four lines. 

(2) To find the envelope of a transversal to a quartic curve, when two 
non-adjacent intercepts are equal. 

The relation (4 4-7 — a— d)(7 4+ a— 3 — 0) (a 4+ 8 —7 —0) = 0 may be 
written 2'(a — 3)’ (4 —7) = 0, and is the source of 12. i8¢.¢.¢,= 0. Hence, 
as before, the required envelope is the eliminant of the equations 

412.413 f, fr.f; = 0 ) 
Ax + pry + v2 0 > 
ax + by + cz =0 


As a special case, let the quartic consist of the four concurrent lines 


fo ay(e?—y)=0, 
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then 
5 Pty a ,_ 7 s/f. _~ =\2/e _ a ee 
ALZ ALS Pi Pfs = 4 (Sij2 — HS2Y (Fs — 1183) 2s 
Srje3, 24 fy? £2 22, 2. : 2) » $22 S.2 Fo \F 1S ££ 
= WF 4yr + iG 82 2S + S22) — (SVG Ye + GS — 25,51" - F2%2) $3) Ai Sots 


= V3 /(— 86.ry? — 362°) (2? — Bury) + (B62*%y + 36y7*) (82°y — y’)] 

= — 36r (2? + y*) (ct — 62°7/° + y') 

= — 36 [a + 7]. +(V¥724+ Dy) |e—(v 24 Dyl [e+ (V¥2—))y] 
[e—(r 2—I1)y]. (2) 


When the elimination indicated above is performed, it will be seen that the 
required envelope breaks up into nine points, three of which coincide at the 
origin, and six are on the line at infinity, in the directions given by equating 
to zero the respective factors in (2); and transversals parallel to any of these 
six directions have two non-adjacent intercepts equal ; four of these directions 
being real, and two imaginary. 

(3). To find the envelope of a transversal to an ic curve, such that 


SAB’? CP .AE=0. 


—— 
Since ¥(4 — ,3)° (y — 0) (a — ¢) is the source of the covariant 12.13 ¢,¢.¢,, 
the required condition is the eliminant of the equations 


1 Silas 
M12. 13 fff, =, 
de + py +rvuz2=0, 


ax + by +cz=0. 


65. Semi-contravariants. All the envelopes obtained by the two methods 
of Arts. 57, 62 are called semi-contravariants because they preserve their rela- 
tions to the given ic curve only under such linear transformations as preserve 
the given semi-invariant relation among the segments of a transversal. These 
partial linear trausformations have the same effect as a projection that does 
not alter the mutual ratio of the segments of a line. This may be a conical 
projection of a figure from a plane to a parallel plane, or a cylindrical projec- 
tion to any plane whatever. In the former case the axis of projection is at 
infinity, and in the latter the centre of projection is an infinitely distant point. 
In both cases the line at infinity in the first plane projects into the line at in- 
finity in the second plane. 

66. Contravariants of the system of a curve and line. These semi- 
contravariants of a curve are contravariants of the system of curve and line at 
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infinity ; for if the line ar -- by + cz = Obe replaced by the general line 
ke + py + vz = 0, the result of the elimination is the condition that a root 
of a certain covariant of the binary quantic that gives the intersections of the 
transversal and curve, may lie on the line (4, #, 2’). This relation is not altered 
if the whole system be subjected to any linear transformation, or to any con- 
ical projection ; hence the envelope of the transversal is a contravariant curve 
of the system of nie and line (7, 1’, »’). 

On the other hand if the line (/, #, ¥) be fixed, and (7, “7, v’) variable, the 
contravariant equated to zero gives the condition that the line (7, 7’, ¥’) may 
pass through some one of the fixed points on (/, 4, ¥) that represent the roots 
of the binary covariant, and must therefore be the tangential equation of this 
system of points. In this point of view the function in question is a contra- 
variant of the system of curve and transversal (/, 7, »). 





It may also be regarded as an invariant of the system composed of the 
curve and two lines. 

From these contravariants new invariants may be derived by replacing 
the coordinates of one or botli lines by differential operators.* 
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THE RATIONAL FUNCTIONS OF THE CUBIC. 
By Mr. AuBert M. Sawn, Evanston, IIL. 


The more common solutions of the cubic are those where a supposition 
is made to exist between auxiliary variables introduced in order to effect. its 
reduction. It is the object of this paper to give the solution without this ex- 
pedient, depending simply upon the relations the roots sustain to the coefti- 
cients and for another reason, much more important, to give the solution of 
the cubic in precisely the same manner as the quadratic is solved. In order 


that the work may be progressive and connected, the quadratic 
it + Aw t 2 == QO ’ 
whose roots are “ = «7, “ = 4, and whose equation is 
x — (a + b) r+ab=0 . 
will be solved by the method that, if not the briefest, I still maintain is the 
simplest and most natural of any method known, and will be introductory to the 


method given for the eubie. 
Equating, we have 


a = 4 = — A 
ah — B. 


’ 


Squaring the first and subtracting four times the second from it, we obtain 


a — 2ab + & — A? 4B, 


whence, extracting the square root 


a—b=+ yp A*— 4B. 


Combining this equation with the one above by addition and subtraction, we 


have - 
A a os 
ax — 5 7 Vat — 41, 
F ae ee oer 
5=— — —_— L 1? - B; 


27 Na" 
and these being the values of @ and 4, are the values of « by hypothesis, and 
so are the roots of the quadratic equation. 
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Assume the cubic in the form 
e+ Ar4+ B=O0. 

Since the sum of the roots is zero, one is the negative sum of the other two, 
and we have the roots expressed as « = a, x = b,x = — (a +6). Whence 
xz—a=Q0, z—b=0, r-+--aa-a 4—0, 

whose cubic equation is 


x — (a? -; ab a }?) Fil ah(a + 5) = 0. 


Whence, equating with the equation above, 


— : (a? a ab -} }*) 3° (1) 
1, B 
9 (a ¥ b) ab - = ; (2 
Cubing the first, 
<—— —_ A 
— Bt — i — See — B60 — Slt — ot — He 
Squaring the second, 
. ah? + - ab 4 ce = i 
Adding these equations we obtain 
1 , 5 1 gs , 13.9, , 1 I... iy *£, 
—_— 27 oC — Q Ob “| 36 ah a 54 ah’ | 36 ahs —~9 abe — 27 bf = 27 4 4 
Factoring from the first member — RA : 
) 
3 (64, , 64, 64 , 832 3g, 64, 64 ,, 64,,) 
a 6) So a sys OS tt Bs 4 OF z6 
é4|ai° + 97°? — 108°” — ten” —Tos*” ta7 ta" } 
ye i 
=oart 4° 
Extracting the square root of this perfect square, 
1 —,f8 a. t._ 8 i. is 
gl — 3 E a’ + 3 a*e — 3 at? — 9 0] =\4 + _ (3) 
Adding : (a* + 8’) to equation (2), and also subtracting the same, we have 
los 2 2 3 3 2 2 3 B 
a (8+ 8a) + 38a + B— a + ah + ab —b’) = — 9° (4) 
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Adding equations (4) and (3) we have 


— iG + 8a°) + 38ab? + b§ — (a + @h — al? —B)yp — 8 — a 4+ wh 4+ al? — BF 


¢ 


= Pi Boe B AS BP 
Se eee ef oe | Ni: 5. aes 
a err ee | 27 Nort 4 
Extracting the cube root of this perfect cube, 
a -}- h a h 3| LB |.A* i? K 
= F = eh : : 5) 





Subtracting (4) from (3), 


— fo + 306 4 Bal? + + (a + bh — ah? — ab) — 38 — + ah + a 
=— = a ae ; B ie. er 
lg? — 3 0b + gab gli eae — 3 —-WVa7t 7 
Extracting the cube root of this perfect cube, 
ath a—s 3) Bo |B BP “ 
- — am ee 6) 
2 ay 8 N27 Nort ” 
Adding (5) and (6), 
3| B A Bf ,s B [Ae BP : 
—(a + b= VW 39 tNa7tagtyV-3 — N97 (7) 
Subtracting (6) from (5), 
B Y ae ,3| B {A® # 


— § 
id i | ae Mei bet to aa 
Whence, by comparison of these two equations, 
f 4 1 a oe [A> BR 
4=(—-atav—8iy-atyarta 
f 11 —,|; B [# # 
[—2a—aV¥—3\N-e-vNarta ©& 


[ 1 1 a B _ | 43 BR? 
b=[—g-av 8a tart 
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Thus we arrive at the values of (a + 6), a, and 4, equations (7), (8) 
and (9), and these being the three values of a are the three roots of the cubic 
equation. The solution, it will be observed, is the analogue of the solution of 
the quadratic given above. The quartic is readily reduced in the same manner. 

Now several important properties of the formula for the cubie may be 
pointed out, which, so far as I have observed, have hitherto not been given. 

The three elements of the formula are obviously 


A} I 3 B . A® }}? , 3 2. 13 2? 
NQ7° @OoN7T OT NST a MEN 27 Not 4: 


It may now be asked what are the rational functions of the roots of the 
cubic that correspond to each one of these elements. ‘Those who have perused 
Wantzel’s Abstract of Abel’s Argument (Serret’s Algébre Superieure, Vol. I, 
p. 393) are aware that he assumed that such rational functions existed theo- 
retically. For the first of the above forms we have, at once, from equation (3), 


:; 3. es . 
a’ - a> — 5 av? — h* = 


27 # l ‘ (10 
2 2 \ 27 4 | 


Factoring the first member, 


rap 
a— hb) a - b (a - Qh) - Ae 
| 2) © N 4 
Or the rational functions of the roots of the cubic corresponding to the sguar 
rout radical of the formula in the product of three linear factors in an arith- 
metical progression of which the first is the difference of the independent 


— ae 
roots, and the common difference in |, 4, one of those roots. 
-_ 


It is here useful to observe that in the quadratic the radical corre- 
sponds simply to the difference of the roots, which in the cubic is the first 
factor. 

For the second and third elements we have from (5) and (6), directly, 


ath a—hb 3 Bb AY Be 1] 
and 
a -+- 4 a h 3 B A* Lb (12) 


_ 2/—38 N27 Wart 4 


These functions are closely associated with the imaginary cubic roots of 


: ; 3 7 1 1 ‘ 
unity, viz... — gtgV— 3 and — 9—9V- 3, but not as factors. In (10) 
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if we substitute any true roots, as a and 4, the radical changes sign, but in (11) 
and (12) the cube root radicals simply interchange places. The cyclic substi- 
tutions of the roots all at a time gives in their order the formulas for all the 
roots the elements remaining unchanged. 
In the equations (11) and (12) the reducible case requires that the imag- 
a—hb 
2)/—3S 
view postulates the conditions which must subsist between the roots in the 
reducible case, which is obviously that two roots be equal, or that they be 
conjugate imaginaries, in which case the imaginary factor disappears by division. 


inary term should vanish. The analysis of the term with this end in 
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